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PEBFACE. 



The pibst impbession of any one who takes up this 
book may possibly be, how much there is here, and, 
after all, what a little way it goes in Euclid — only to 
the Twelfth Proposition. 

But teachers know that the first Twelve Proposi- 
tions of the First Book is the battle-field with Euclid. 
If the victory is won here, all is easy afterwards. A 
keen glance and a little sustained thought is all that 
is needed to master any subsequent Proposition. 

And this being so, the learner's progress through 
Euclid will be as interesting and profitable as it is 
useless and unprofitable if he has not learned to 
appreciate geometrical reasoning, and to enjoy it^ 
rigour and satisfactoriness. 

Perhaps it will form the best prefiuse to what 
follows if the writer states, not the object of the 
treatise only, but the circumstances under which it 
was written. 

A happy connection of thirty-six years with Eton 
has closed, and as the writer spends the first weeks 
of his retirement among the mountains of Switzer- 
land, many heart-moving thoughts about bygone 
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days arise ; especially there comes before him the re- 
membrance of very pleasant hours spent with succes- 
sive generations of loyal-hearted boys over the early 
Propositions of Euclid. 

He is aware that it is the experience of some 
teachers that most boys find the study of Euclid re- 
pulsive : his experience is the reverse of this ; he can- 
not call to mind the case of a single pupil who found 
the study of Euclid repulsive. They may have found 
it hard. They may not, in some cases, have been in- 
dustrious and persevering enough to succeed in ex- 
aminations. But all of them have felt that there 
was something real and great in Euclid. If they 
have failed, they have readily acknowledged that 
their failure was iheir own fault, and not because 
there was no meaning in Euclid. 

It would be very heartless, too, if the writer were 
to forget the many visits fiill of friendliness, and even 
afifection, which he received from pupils who had 
passed out of his hands — both during their Eton 
career, and after they had left Eton — to talk over the 
old days when they began Euclid together, and to 
tell him the good which the lessons on the first 
Twelve Propositions had done them* 

Now the writer, in teaching Euclid, always made 
it his special aim, at the first start, to give life, 
animation, and suppleness to the cold and rigid form 
in which Euclid is presented to beginners in their 
school books. This he found to be most successfully 
done by familiar talk, appeals to common sense, 
homely explanations, reference to things of every-day 



life', and even humorous illustrations^ and stories in 
point. 

In the following treatise the substance of such 
conversations is embodied, with the yiew of making 
Euclid a book of life and meaning to those learners 
who, beginning the study of it in the common, regular 
editions of the work — in which the style is formal, 
rigid, accurate — find it hut a hook of words. 

What Euclid examiner has not had to mourn 
over pages of utter trash, mere verbiage, shown up 
by boy after boy — a feeble imitation of Euclid's 
phraiseology, but giving no sign whatever of their 
having any insight into the meaning of the words 
which they were writing. 

Now the aim of this treatise is simply to shake 
learners out of the miserable habit of resting in the 
words of Euclid ; and to lead them to be dissatisfied 
till they feel that they are taking in his meaning. 

Those beginners who do not need the book need 
not use it. Let them take in hand any of the good 
modem editions of Euclid — Todhunter's, Pott's, 
Isbister's, or the Scottish School Book — and grapple 
with them unaided. 

If others find the explanation too profuse and 
endless; if they find themselves growing weary of 
the reiteration, let them deal with the book as they 
do with their corks or swimming-belt. When they 
want them no longer, they throw them away, and 
swim alone. 

It is the writer's earnest desire to guide and lead 
on his readers so patiently and helpfully that none 
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shall be left behind. It is the slowest and weakest 
that he especially wishes to take by the hand. The 
very difficulty they have in taking in Euclid's mean- 
ing shows that they most need Euclid. 

Such is the writer's object, and his first thought, 
in putting into print the substance of his conversa- 
tional method of teaching Euclid, has had reference 
to his old Eton pupils. He wishes, though no longer 
able to speak to them face to face, thus to offer to 
them the helping-hand that they used to take a 
friendly grip of. 

But he looks to others also with whom he has 
had no personal connection. The many hearty and 
very friendly letters which he received from teachers 
both in England and America when, some years ago, 
he gave in a tract * a sketch of this mode of teaching 
Euclid, leads him to hope that they may find this 
treatise of use in their schools. 

He trusts, too, that those who are struggling with 
Euclid, without any one at hand to explain it, and 
to remove difficulties, may find the treatise a help to 
them. And he will be glad if some, who look askance, 
with a half-smile and half-shudder at the idea of 
reading Euclid, shall be led on by these familiar ex- 
planations to a study that will be of incalculable 
benefit to them. 

Another set of readers whom the writer has in his 
mind are those classes of women who, having tried 
this or that fragment of a scientific subject, have 
come to the sound conclusion that they must ' begin 

' A Narrative Essay 07i a Liberal Education, Hamilton & Adams. 
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at the beginmng, and lay a foundation/ and who 
have^ most wisely, chosen Euclid for that foundation. 

To these classes he hopes that his treatise may be 
useful. But as they will be in earnest, and assiduous, 
a half-apology is due to them for the homely and 
humorous illustrations introduced to arrest atten- 
tion and awaken interest. Let them kindly remember 
that the following explanations were given to, and 
are written for, boys, who, high-spirited and thought- 
less, are not fully alive to the importance of what 
they are learning, or bent, as they are, on self-ipi- 
provement. 

It has been already said that these explanations 
are not written for quick and able boys, but for the 
great mass of those of average intellect, who have 
not naturally the accuracy of thought, and the powers 
of reasoning with which some few are gifted. Tet 
even an able boy may start at an advantage by a 
rapid perusal of these familiar explanations. Pos- 
sibly he may gain a fuller view of Euclid's reasoning 
than he would have had without them, and pick up 
thoughts that he might otherwise have missed. 

One word more : a body of men, able mathema- 
ticians, are now working together with a view of im- 
proving our methods of geometrical teaching. The 
writer deprecates the charge of antagonism with 
them. 

They are to a great degree entering on that pro- 
fession which he is leaving. Euclid was king in the 
writer's time, was still seated on the throne which 
he has occupied for more than two thousand years. 
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If the common consent of leading m'athematicianis, 
in the next generation, decide that he must be de- 
throned, he must go. But geometrical reasoning 
will not go. And as the aim of this treatise is to 
make learners appreciate geometrical reasoning, the 
writer counts on the sympathy of all who are desirous 
of improving our geometrical teaching, and are work- 
ing towards that end. 
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Peovidb toueselp with a pair of compasses having 
a pen and pencil leg, a small flat ruler, and a hard 
pencil (and keep its point fine) . Also it would be well 
to have by you a little box- wood triangle, called by 
instrument makers a ^set square.' In default of 
this, double down and cut off the corner of a sheet 
of cardboard ; it will answer the same purpose. 

While you are reading this treatise, have your 
pen much in your hand, and often try if you under- 
stand, and remember what you have read, by writing 
it out, not copying it. 

Remember Bacon's apophthegm : — 

Much reading makes a full man, 
Much speaking makes a ready man, 
Much writing makes a sound man. 
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EuCLiB wafl born 300 years B.C. He lived at Alexandria, 
and wrote or compiled, in fact formed into one uniform 
whole, the treatise on geometry, known as The Elemmta of 
Euclid. 

The work consists of thirteen books. The first six, 
with twenty-one propositions of the eleventh, and two from 
the twelfth, form the Euclid commonly read in English 
schools. 

Euclid is looked upon as the father of geometrical 
reasoning, and so identified is his name with what he wrote 
abont, that the word ' Eaclid ' in English schools is almost 
synonymous with * geometry.* 

The first six books of Euclid form a treatise on plane 
geometry. That is, all the lines you see on opening the 
pages of any Euclid are supposed to be drawn on a plane or 
flat surface like the face of the table you write upon. The 
eleventh and twelfth books are about solid geometry, and 
refer to lines which might be drawn not only on the face of 
> the table before you, but in any direction either towards 
the ground or the ceiling or the walls of the room. 

13 
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On Points, Lines, and Surfaces. 

At present yoti have nothing to do with solid geometiy, 
and yet it may help you the better to understand the defi- 
nitions which Euclid gives of certain words which ha is 
about to use, if we begin by considering a solid. 

Every object which can be held in the hand has three 
dimensions, commonly called length, breadth, and thick- 
ness ; and that which has length, breadth, and thickness, is 
called a solid. It matters not whether the object has a 
regular form like a brick, or an irregular form like a chance 
stone that might be picked up. 

Let us now take in hand and consider a solid. Here is 
a trick (see fig. 1), we will say a wooden brick. Its length 
measured from A to B is so many inches, that is one 
dimension. Its breadth measured from A to G is so many 
inches, that is a second dimension. Its thickness measured 
from A to D is so many inches, that is a third dimension. 

Suppose now that its thickness be taken gradually 
away (planed away for instiance) then the brick will become 
thinner and thinner ; and when the thickness has been all 
taken away, there will remain only two dimensions, length 
and breadth (that is, in fact, the fa^ of the brick). This is 
Euclid's superficies or surface. 

Aiter this, if the breadth of this surface be gradually 
taken away, it will become narrower and narrower, and 
when the breadth is all gone, one dimension only remains, 
that of length (the edge, in fact, of the brick). This is 
what Euclid calls a line. It has no thickness, no breadth, 
only length. 

Lastly, suppose this line to shrivel up from one end ; in 
other words suppose its length to be gradually taken away, 
the line will become shorter and shorter, till, when all the 
length is gone, there will remain no dimension at all ; only 
a dot, as it were, standing at the corner of the brick. 
Which dot has neither thickness, nor breadth, nor length. 
All the dimensions of the solid are gone ; one after another 
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they have been taken away. Now this dot without length, 
hreadth, or thickness, is Euclid's point ; it is called by him 
arifieloy. And we are now prepared for his 

Definition !• — A point is that which, has no 
J)arts, or which has no magnitude. 

Some commentators on Euclid add, — ^but position. 

Observe, we began with a solid brick, and taking it to 
pieces, resolving it,^ that is, taking away successively its 
length, breadth, and thickness, we came at last to a Foint 
Now EucHd takes the opposite course : He sets but with a 
point, and he seems to have before him the idea of the 
point moving. And as a pencil point moving along paper 
and leaving a trace behind, forms or generates a visible 
line, so his point, having no dimensions, no parts, no mag- 
nitude, by moving along, will form or generate Euclid's 
line, which he thus describes in 

Definition 2, — A line is length without 
breadth. 

He adds, what is suggested by the idea of the motion of 
a point generating a line. 

Definition 3, — The extremities of a line are 
points. 

He might have added, the intersection of two lines (that 
is, where they cross one another) is a point. 

Now the motion of the point may be curved or crooked. 
The point may, in its motion, swerve first on one side and 
then on another, still the moving point (having itself no 
parts, no magnitude) will generate a line, that is, length 
without breadth. But if, in its motion, the point do not 
swerve one way or another, he calls such a line a straight 
line, for he gives as 

' Hesolye, &va-^^«#, hence analyBis. 

b2 
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Definition 4. — A straiglit line is that wWcli 
lies evenly between its extreme points. 

This much Euclid says of lines, and then he proceeds to 
the next magnitude of which he speaks ; namely, that which 
has length and .breadth. 

Here he seems to have before him the idea of the line, 
which has length only and no breadth, being drawn along in 
a direction different to its length (as the end of a rake is 
drawn by its handle), and so tracing or generating a 
surface which he thus defines : 

Definition 5. — ^A superficies (or surface) has 
only length and breadth. 

He adds, what is suggested by this idea of a surface 
being generated by the motion of a line in a direction 
different to its length, 

Definition 6. — ^The extremities of a superficies 
(or surface) are lines. 

In the seventh definition there is given a neat and satis- 
factory test of a flat surface. It is one naturally used by 
the polishers of marble surfaces. They take what they 
call a straight edge, and lay it in different directions on the 
surface which they are polishing. If the straight edge, 
wherever it is placed, exactly lies along the polished 
sur&ce, so that no daylight is visible between the straight 
edge and the polished surface, then they know that the 
surface is truly flat. The actual words of the definition or 
test of a flat surface are these : 

Definition 7.— A plane superficies (in other 
words^ a flat surface) is that in which any two 
points being taken, the straight line between 
them lies wholly in that superficies (or surface). 

Of course if,' a surface were pushed in any direction 
except that of its length or breadth, it would generate a 
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solid ; in other words, the space throngli which the surface 
vrpta pushed would have the three dimensions of length, 
breadth, and thickness. 

Thus beginning with a point, by the method of putting 
together,^ that is, by adding successively length, breadth, 
and thickness we get to a solid. Euclid, however, stops at 
surface, because the present portion of his treatise is on 
2>lane geometry. 

We may now, then, suppose that we have a flat surface, 
defined as above, before us, on which to place points and to 
draw straight, or other lines. 

We must here observe that the points which we place 
on the flat surface must have some magnitude, and the lines 
which we draw on it must have some thickness, else we 
should not see them. But it is not difficult to conceive the 
point to become finer and finer till at last it has lost all its 
magnitude.. In like manner, we may conceive the line to 
become thinner and thinner, till it has lost all its thickness, 
and has only the dimension of length remaining. Thus the 
physical points and lines, Jbr so they are called when they 
have magnitude and thickness — ^become mathematical 
points and lines according to Euclid's Definitions. 

On Angles. 

Take up your compasses, and open them a little way. 
The amount of opening between the legs of the compasses is 
an angle. As you open the compasses more the angle 
becomes greater, until the legs are drawn so far asunder 
that they are in a straight line ; then there ceases to be 
(according to Euclid's definition) an angle between them. 
His definition of an angle being as follows : 

Definition 9.* — A plane rectilineal angle is 

' Putting together, ovy-ri6iifUf hence synthesis. 
' Definition 8 is omitted ; it refers to angles contained hy curved 
lines, and is not required at present. 



6 INTRODUCTION TO EUCLID. 

the inclmation of two straight lines whicli meet 
together, but are not in the same straight line* 

The legs of the compasses represent the two straight 
lines. They meet together at the hinge. When the legs are 
drawn so far apart that they are exactly in opposite direc* 
tions, they meet together, hut are in the same straight line.* 

The forming an angle by drawing the legs of a pair of 
compasses asunder teaches incidentally what should be 
early learned and always remembered — that the magnitude 
of an angle does not depend on the length of the straight 
lines containing it, but solely on the opening between 
them. 

You may see as you look about you many examples of 
angles, the comer of the book before you is an angle, so is 
the comer of the table, or of the door, so again is the comer 
of a field where two hedge-rows meet. You may remember 
what Horace calls that cozy corner of his Tiburtine farm, 
where he hoped to sit in his old age, and drink his Faler- 
nian — 

Angulus tile mihi ridet 

The compasses used by smiths and carpenters are some* 
times made in the following manner (see fig. 2). From 
one of the legs a curved rim projects, which moves freely 
through an opening in the other leg. In this leg there is 
a thumb-screw, by which the circular rim may be clamped. 
The legs may be thus kept at any desired distance from 
each other. 

This form of compasses suggests a method of indicating 
an angle, very commonly used in books on trigononaetry, 
namely, that of putting a dotted curved line between the 
straight Hues which contain the angle. A letter (generally 
a Greek one, as a), is often inserted in the opening (see 

> Hence the following definition of an angle has been suggested : 
An angle is the difference of direction of two straight lines which meet. 
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£g. 3) ; and tHe angle between the straight lines is called 
the angle a. 

But the learner must not be misled by this figure, to 
imagine that the angle is the shut-up space, within which 
the letter a is placed. The dotted line is only put there to 
draw attention to the amount of opening between the 
straight lines. 

When only two straight lines meet at a point, Euclid 
indicates the angle between them by a letter (as A) placed 
at the point of meeting of the two straight lines (see fig. 
4), and the angle between the straight lines he calls the 
angle A. 

If more than two straight lines should meet at a point 
(see fig. 6(1)), the single letter A would fail to tell whether 
it was intended to indicate the angle a or the angle /3, or 
indeed the larger angle y, made up of the angles a and /3 
together. 

In this case Euclid uses three letters to indicate the 
"angle. The angle a, that is the opening between the 
straight lines B A, A 0, he indicates by the letters B A C or 
CAB. The angle /3, that is the opening between the 
straight lines A, A D, he indicates by the letters CAD, 
or D A C ; and the angle y, that is the opening between the 
straight lines B A, A D, he indicates by the letters B A D, or 
DAB. The letter at the angular point being always the 
middle letter of the three. 

This latter figure (fig. 6) will help the learner to under- 
stand the adding angles together, or the subtracting one 
angle from another. The angle a, which is indicated by 
the letters B A C, may be added to the angle /3, indicated 
by the letters CAD, and taken together they make up the 
angle y, indicated by the letters BAD. 

So the angle j3 (that i& C A D) may be taken from the 
angle y (that is B A D), and the remg^inder will be the angle 
a (that is B AC). 

It may "be well here to put the learner on his guard 
against an error, a very odd and unexpected one, some- 
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times made. When a teacher says to a learner : — * If from 
the angle BAD (fig. 5(,)) yon take the angle GAD, what 
angle remains P ' it is not nncommon for him to reply, ' If 
yon take ayray the angle G A D, all that remains is the line 
AB.' 

Now this is an entire misapprehension. Angles and 
lines are different things altogether. If an angle is taken 
from an angle, it is not a line that remains, bnt an angle, 
jnst as when yon take shillings from shillings it mnst be 
shillings, and not inches or onnces, that are left. 

In fact, the intermediate line G A (fig. 5) belongs, so to 
speak, to both angles, when taken with A B, it makes the 
angle GAB (or a), and when taken with A G it makes the 
angle GAD (or /3). And when either of the two, as a, is 
taken from the whole angle y, it is the other angle j3 that 
remains. In other words ; if from the angle B A D wo 
take the angle BAG, the angle GAD remains. 

As it is of the highest importance to see clearly and 
qnickly the angle which is contained between any two 
straight lines which meet, it wonld be well for the learner to 
draw some interlacing straight lines (fig. 6), and to els- 
amine himself, or to get some friend to examine him in 
pointing ont the angle contained by any two named lines 
which meet, or, the angle being pointed ont, in naming the 
straight lines which contain it. 

For example. If the friend says, ' What is the angle con- 
tained by L B, B M P ' let the learner place a little cnrv ed line 
between these straight lines, as in fig. 6, to mark the 
angle ; or if the friend pnts the cnryed line between any 
two straight lines which meet, let the learner name to him 
the two straight lines which contain the angle so marked. 

In naming the straight lines containing the angle 
pointed ont, let the learner be advised to take the first line 
named towa/rds the angular point, and the second from 
the angnlar point. For instance, if he wishes to name the 
straight lines containing the angle marked a (fig. 6), let 
him say that the angle is contained by the straight lines 
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B A, A D, in preference to saying that it is contained by 
the straight lines A B, A D, or by B A, D A. This may be 
thought an immaterial remark, but it is fonnd that learners 
who name the lines in the way here recommended, learn 
most quickly to distinguish the angle contained between ' 
two named straight lines. 

After one more remark in reference to angles, we will 
pass to the next definition. It will be seen (fig. 6) that 
the angle contained by B A, A D, by B A, A C, or indeed by 
M A, A N, is one and the same angle-^the one marked in the 
figure as the angle a. This teaches that it matters not at 
what points in the lines containing an angle we place the 
letters which indicate it. 

On Bight Angles^ 8fo. 

Suppose A B (fig. 7(1)), to represent the edge of your desk 
or table, and D your ruler. If you bring it to the edge , 
AB, and hold it there, on end, in such a way that the 
angles G D A and G D B [these are called adjacent angles] 
are equal, each of the two is a right angle. K you hold the 
ruler so as to make one of the adjacent angles greater than 
the other (fig. 7(|)), then the greater angle, C D A, is called 
an obtuse angle (from ohtiisus, blunt), and the lesser, G D B, 
is called an acute angle (from acntuSy sharp). This illustra- 
tion leads on to the Definitions 10, 11, and 12 of Euclid 
which are as follows : 

Definition 10. — ^When a straight line standing 
on another straight line makes the adjacent 
angles equal to one another^ each of the angles 
is called a right angle ; and the straight line 
which stands on the other is called a perpen- 
dicular to it. 

Definition 11. — ^An obtuse angle is that which 
is greater than a right angle. 

b3 
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Defimtion 12. — An iU5iite angle is that whicli 
is less than a right angle. 

On the Circle, 

Euclid now passes on to a new kind of magnitude, 
which is introduced by the two following definitions : 

Definition 13. — ^A tenn or boundary is the 
extremity of anything. 

Definition 14. — ^A figure is that which is 
enclosed by one or more boundaries. 

The * figure ' so introduced is the circle, which is thus 
defined : 

Definition 15. — ^A circle (fig. 8) is a plane [or 
flat] figure contained by one line, which is called 
the circumference, and is such that all straight 
lines drawn from a certain point within it to the 
circumference are equal to one another. 

He adds : 

Definition 16. — And this point is called the 
centre of the circle. 

A primitive mode then of describing a circle would be 
to fix a pin through your paper into a drawing board, and 
attaching the point of a pencil to the pin by a thread, to 
draw the pencil point round, keeping the thread always 
tight, 

A much more convenient method, however, is by means 
of a pair of compasses, by which the distance of the cir- 
cumference from the centre can be regulated at pleasure. 

The definition of a circle should be remembered and 
repeated with precision. Frequently in repeating the defi- 
nition the word * straight ' is left out, also it is a not un- 
common mistake to omit the words * to the circumference,' 
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both which omissioxis spoil the precisiqn and accuracj of 
the definition. 

Euclid adds three more definitions abont the circle. 
First he defines a diameter thns : 

Definition 17. — The diameter of a circle is a 
straight line drawn through the centre, and 
terndnated both ways by the circumference. 

To this might be added : A radins is a straight line 
drawn from the centre of a circle to the circumference. 
The two next definitions, the 18th and 19th, may be passed 
over; they are not required for the first twelve propo- 
sitionjs. 

On BeMineal Figures, esjpedally Triangles^ 
With regard to rectilineal figures, Euclid says : 

I)efim,ition 20. — Rectilineal figures are those 
which are contained by straight lines. 

Such rectilineal figures he divides into three classes, 
thus; 

Definition 21. — Trilateral figures or triangles 
are those which are contained by three straight 
lines. 

Definition 22. — Quadrilateral figures are those 
which are contained by four straight lines. 

Definition 23. — Multilateral figures (from 
muUumy many ; latvs, side) or polygons (from ttoXwc* 
many; yutyla, angle) are those which are con-* 
tained by more than four straight lines. 

In the next three definitions Euclid divides triangles 
into three classes accorcUng to their sides. 

Definition 24. — If the three sides are equal 
the triangle is equilateral (from cegnw*, equal; latus^ 
Bide) (fig. 9). 
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Definition 25. — If two sides only are equal, 
tlie triangle is isosceles (from i<roc, equal; <riceXoc,leg) 
(fig. 10). 

Befinition 26. — ^If all the tliree jBides are 
unequal, the triangle is scalene (from cKokrivoQ^ 
xmeqnal) (fig. 11). 

He then divides triangles into three classes CLceordmg 
to their angles^ thus : 

Definition 27. — ^If one of the angles is a 
right angle, the triangle is a right-angled 
triangle (fig. 12). 

Defimtion 28. — ^If one of the angles is an 
obtuse angle, the triangle is aa obtuse-angled 
triangle (fig. 13). 

[It will be seen hereafter that a triangle can only have 
one right angle, or one obtuse angle.] 

Definition 29. — If all the angles are acute, 
the triangle is an acute-angled triangle (fig. 14). 

Here IBuclid closes his definitions about triangles ; but 
as trilateral figures, or triangles, will meet us at every step 
of our journey through EucHd, it may be well here to make 
two or three observations about them which may be helpftil 
to beginners. 

Ohs. 1. — ^If you indicate an angle by using three letters 
you must be careful, as was before said, to put the letter 
standing at the angular point between the other two. But 
if you indicate a triangle by using three letters, you may 
take the letters in any order you like. Thus, the triangle 
represented in ^g, 15 may be called the triangle A B C, or 
the triangle C B A, or C A B, &c. 

Obs, 2. — ^When you have a triangle before you as A B C 
(fig. 15), you may consider any one of the three sti*aight 
lines which form it to be the base on which it stands, and 
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fhen the two remaiiiing lines are called its two sides. Thus 
if B G be considered the base, the two sides are B A, A G, 
The vertex is the point A, where the two sides meet. The 
angle B A G is the angle at the vertex. This angle may also 
be distinguished as the angle opposite to the base, or as the 
angle contained by the two sides. The remaining angles 
A B G, A G B, are called the angles at the base, and it is to 
be particularly noticed that each of them is opposite to one 
of the two sides ; viz., the angle A B C is opposite to the 
side A G, and the angle A G B is opposite to the side A B. 

As an exercise, it may be well for a learner to take A B, 
and then A G as the base, and to write down in each of 
these cases which lines will be the two sides, which point 
will be the vertex, which will be the angle at the vertex, 
in other words, the angle contained by the two sides, or 
the angle opposite to the base; and which will be the 
angles at the base, or, in other words, the remaining 
angles ; and to what sides they will be opposite. 

Obs, 3. — A triangle is a figure bounded by three straight 
lines ; and consequently it has three angles. It also may be 
considered as a quantity of surface or area enclosed by 
three straight lines. And when it is said of two triangles 
that they are equal in every respect, it is meant that the 
three sides are eqnal each to each : — that the three angles 
are equal each to each : — ^and that the enclosed surfaces or 
areas are equal. In fact, two triangles equal in every 
respect, are equal in respect of sides, of angles, and of area, 

A learner will find it useful to remember this remark 
when he is doing the fourth Proposition. 

Of four-sided figures the most important is a square, 
which Euclid thus defines : 

Definition 30. — A square is that which has 
all its sides equal and all its angles right angles 
(fig. 16). 
The remaining definitions of fou3!-sided figures are not 
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essential for our present purpose; we will therefore omit 
them, as well as all reference to parallel lines. 

On the Postulates. 

At ihe close of the Definitions Euclid inserts three 
Postnlates, that is, three things which he asks to be allowed 
to do (from. 2>ostulare, to ask). 

He says, Let it be granted, 

Postulate 1. — That a straight line may be drawn 
from any one point to any other point : 

Postulate 2. — That a terminated straight line may 
be produced to any length in a straight line : 

Postulate 8. — That a circle maybe described from 
any centre at any distance from that centre. 

In other words, he asks to be allowed the use of a ruler, 
and a pair of compasses ; not to be used for measuring with, 
but only in order to draw straight lines, to produce (i.e. to 
lengthen) terminated straight lines, and to describe circles. 

It will be enough for a beginner if he takes in this 
meaning of the postulates, though doubtless they bear Qi 
deeper meaning than this. 

It is most difficult, or rather impossible, to draw a line 
mathematically^ straight. It requires a perfectly straight 
edge, and a perfectly steady hand, neither of which are 
attainable. It is still more difficult or equally impossible 
to produce a terminated straight line, as eyery draughtsman 
knows. And to describe a perfect circle, the centre must 
be a mathematical point, not to speak of other causes of 
imperfection. Now in the postulates, Euclid asks that it 
may be granted that his straight lines and circles may be 
in accordance with his definitions, and ideally correct, that 
is, free from any imperfection arising either from imperfect 
instruments or imperfect drawing. 

On the Axioms* 
We pass on now to the Axioms, that is, to certain pro- 
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positions or statements whicli Enclid asks may be taken as 
true without proof (frpm ajiow to claim). 

Observe : He does not ask that they may be taken as 
true becanse they do not need proof, bat becanse he has no 
proof to offer. He proves whatever he can, however self- 
evident it may be. It is his wish to reduce the number 
of axioms to the smallest possible. 

The first axiom is as follows : 

Axiom 1. — Things wMcIl are equal to the 
same thing are equal to one another. 

Now this axiom, simple as it sounds, is often, very often, 
incorrectly applied. The following is an incorrect applica« 
tion of it. 

Suppose we have three things, we will call them A, B, 
and C ; and suppose that we know that A is equal to B, and 
that G is also equal to B. The following is an incorrect 
application of the axiom. The incorrect conclusion is 
printed in italics. 

We have here A and G, each of them equal to B ; and 
things which are equal to the same thing are equal to one 
another (Axiom 1). 

Therpfore A^ B, and are all equal to one another. 

This is wrong ; the conclusion of the argument ought to 
have been : 

Therefore A is equal to C. 

As soon as A has been thus proved equal to G by the 
first axiom, A, B, and G may be said to be all equal to one 
another, but not before. 

The next six axioms require no comment : 

Axiom 2. — K equals be added to equals the 
wholes are equal. 

Axiom 3. — If equals be taken from equals 
tlie remainders are equal. 

Axiom 4.~If equals be added to unequals, 
the wholes are unequal. 
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Axiom 5. — If e<iaals be taken from nnequals 
the remainders are unequal. 

Axiom 6. — ^Things which are double of the 
same thing are equal to one another. 

Axiom 7. — Things which are halves of the 
same thing are equal to one another. 

The eighth Axiom is as follows : 

Axiom 8, — ^Magnitudes which exactly fill the 
same space are equal to one another. 

This is a yery important axiom ; a great deal depends 
upon it. Observe Euclid does not say magnitudes are eqnal 
which fill equal spaces, but which fill the same, the very 
same space. 

As an illustration of his meaning, suppose you are 
casting bullets with a monld. There are two bullets before 
you which you have cast in the same mould ; they are 
equal in accordance with the eighth axiom, for they have 
both filled the same space, that is, the hoUow of the mould 
in which they were cast. 

In the fourth Proposition great use is made of this 
axiom. Under certain conditions, there named, Euclid 
proves that two triangles are equal in every respect (See 
Obs. 3 on triangles, p. 13). Now before he draws the con- 
clusion that the lines, the angles, and the areas required to be 
proved equal, — are equal, you will find that he will be most 
careful to show that the lines, the angles, and the areas in 
question may be made, severally, to fill the same id&ntical 
spaces, 

"We now pass on ; 

Axiom 9. — ^The whole is greater than its part; 
or, than a part of it. 

Axiom 10. — ^Two straight lines cannot enclose 
a space. 



1 
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It takes at least three Btraight lines to inclose or shut up 
a space. K, then, two lines enclose a space, we know that 
one or both of the lines are not straight for two straight 
lines cannot enclose a space. 

Axiom 11. — ^All right angles are equal to one 
another. 

Modem geometricians have tried to remove this eleventh 
axiom from the list of axioms, and to give a proof that all 
right angles are equal ; hereafter yon may examine such 
proofs. 

The twelfth axiom is not required till the twenty-ninth 
proposition has been reached, and therefore no allnsion to it 
is required in the present treatise. 

On the Projpositions, 

In every proposition some thing is given as a foundation 
to start from ; for instance, in the first proposition a straight 
line of a certain length is given ; in the fifth proposition a 
triangle having two^ equal sides is given. In some of the 
propositions, starting from the given foundation (or, as it 
is commonly called, 'hypothesis,' from viro'Tidtjfiiy to lay 
down as a foundation) you are required to do something ; 
for instance, in the first proposition, on the straight line 
of given length, you are required to describe an equilateral 
triangle. In other propositions, you are required, from the 
given hypothesis, to prove something ; for instance, in the 
fifth you are required to prove that the angles at the base 
of the equal- sided (or iflosceles) triangle are equal. 

The first kind of proposition, in which you have to do 
something, is called a problem (from TrpojSaXXo;, to set 
before one) ; the second kind, in which you have to prove 
something, is called a theorem (from Quapiva, to consider). 
These words are printed in Euclid at the head of each 
proposition. 

It is of the highest importance that a beginner should 
see clearly in every proposition what it is that is given, 



18 INTRODUCTION TO EUCLID. 

and what he has to do or to prove, as the case maj be. And 
no better advice can be given to a learner, who wishes to 
understand and to profit by Enclid, than this : never to go 
farther than the heading (or ennnciation) of a proposition 
nntil he sees clearly what is given, and what has to be done, 
if it is a problem, — or what has to be proved if it is a 
theorem. Indeed, so important is it that a learner shonld 
see this clearly, that in modem editions of Enclid the 
enunciations (or headings in which this is stated) are often 
divided into two paragraphs, the first stating what is given, 
and the second what has to be done or has to be proved. 
In the following pages this is done to a greater extent 
than has been thought necessary in other editions of Euclid. 

Observe, further, that each proposition consists of several 
distinct portions. 

First, there is the heading, or general enunciation ; that 
is, the statement of what is given and what has to be done 
or to be proved, in general terms, without reference to any 
particular lines or figure. 

Then follows the particular enunciation. That is, 
the previous general enunciation is repeated, but now 
with reference to, and explained by, the lines and figure 
actually given and drawn. 

Then follows, commonly, the construction, in which 
certain linos, which are necessary in order to do what has 
to be done, or to prove what has to be proved, are drawn. 
Sometimes, but very seldom, no construction is required. 

Lastly follows the demonstration or proof. In this it 
is shown (mostly by the help of the lines of construction) 
that what was to be done has been done^ or what was to be 
proved has been proved. 

The learner is advised to have before him two separate 
pieces of paper, one to draw the figure on, and the other to 
vnrite each paragraph, one by one, as soon as its meaning 
is understood. Great deliberation is strongly recommended 
on beginning Euclid. 

We teachers of Euclid are often much to blame for the 
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quick, off-hand way in whicli we take pupils througlitlie 
early propositions. They seem so simple to us, we are so 
familiar with the ideas and processes of Euclid, that with' 
out intending it, we often dazzle, bewilder, confuse our 
pupils by starting at too quick a pace. 

A story which the writer heard in early life fix)m a 
relative, of the good old days of mail-coaches and posting, 
has been so useful to himself in teaching Euclid, that he will 
here repeat it for the benefit of others. 

His relative was bound for Ireland ; he wished to catch 
the Holyhead mail. On driving up to the inn- door where 
the mail changed horses, he found to his dismay that the 
coach was gone ; it had started some minutes. An old wiry 
post-boy, standing by, said to him, * I'll catch it.' * Put 
your horses to,' was the order. In an incredibly short time 
the horses are harnessed, and the light, yellow-pannelled 
post-chaise is brought out of the yard. He gets in and 
they are off. The . impatient traveller was dismayed at 
finding that the old post-boy started at a deliberate trot, 
not by any means at the pace of the mail they were to catch, 
and leaning eagerly forward with his head and shoulders out 
of the front- window he cried, again and again, * Drive on, 
my man, drive on ; you'll never catch the mail.' The only 
answer of the post-boy was a dig back of the right elbow, 
as much as to say, * I know what I'm about.' 

The traveller, finding the obstinacy of the post-boy im- 
movable, fell back on his seat in despair. But by-and-by 
he feels that the trot is quickening ; at a touch of the post- 
boy's whip on each shoulder, the horses sprang into a sharp 
canter, which became a gallop soon ; and on they go, now at 
a full gallop up and down hill, the post-chaise swaying as 
they sped along. The Holyhead mail is in sight, they dash 
up along-side; the coachman pulled up for a moment ; down 
came the guard, and while they are hurrying the passenger 
into the mail, the old post-boy, pocketing his fee, said with 
a grin, * I told you I'd catch it. You'd have had me blow 
my bosses at startin', and then I'd never ha' done it.' 
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And so He left the passenger to mminate on the oocnr- 
rcnce, and from it to learn a lesson for life. It is here 
given for the benefit of those, who, whether as teachers or 
learners, are engaged on the first pages of Enclid. 

We will now quietly and deliberately take in hand 

Pjboposition I. 

Here our general enunciation is, 
Given a straight line : — 

It is required to describe an equilateral triangle upon it. 
Then follows the particular or explanatory enuncia- 
tion. The learner should write on one piece of paper : 

* 1. Let AB be the given straight line ' (fig. 17). 

And on the other piece of paper he should draw a 
straight line, and put A at one extremity of it and B at the 
other. These letters will indicate the extreme points of the 
line. The extremities of a line are points (Def. 3). 

The learner has thus the given line before him ; and^ 
keeping his eye on the general enunciation, he can complete 
the particular enunciation thus : — 

^ 2. It is required to describe an equilateral triangle on 
A B ' (merely putting * A B ' for the word * it ' in the general 
enunciation). 

Then follows the construction : ^ 

^ 1. From the centre A, and at the distance A B, describe 
the circle BCD.' 

The beginner will remember that this, which he is here 
told to do, is one of the three things which Euclid asks to 
be allowed to do, namely in Postulate B. 

Let him then do it, placing the steel point of his compass 

' In the course of the oonstmetion and demonstration ]*eference is 
made to the first and third postulates, to the fifteenth definition, and to 
the first axiom. Some editors strongly recommend that a beginner 
should repeat, or write out, such references before doing the proposi- 
tion. 
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at the extremity A of the line, let him bring the end of its 
pencil leg to the point B, and sweep round the circle 

BCD. 

The second step in the construction is : 
* 2. From the centre B, and at the distance B A, describe 

the oirqle ACE.' 

Let the learner describe this circle as he did the former ; 
placing the steel point of his compass at the extremity B, 
and the end of the pencil leg at the extremity A, let him 
sweep round the circle ACE. 

Let the letter C be placed where the two circles cut 
each other above the straight line A B. The letters D and 
E may be placed at any other points in the circumferences 
of the first and second circle. 

We now pass to the third step of the construction, 

* 3. From the point C where the circles cut one an- 
other, draw the straight lines C A, C B, to the points A 

andB.' 

This again it will be remembered is one of the three 
things which Euclid asks to be allowed to do, namely in 
Postulate 1. Let the learner actually draw the straight 
lines C A and C B. 

The beginner is advised to draw these carefully with 
ruler and penciL^ Place the ruler so that the point of the 
pencil shall come exactly upon the intersection C of the 
two circles, and also exactly on the extremity A of the given 
line. Then draw the line carefully from point to point. In 
the same careful manner draw the straight line CB, 
Complete this portion of the proposition by writing the 
words : 

' 4. Then ABC shall be an equilateral triangle.' 

There remains the demonstration, that the triangle 



» Those who wish to make the figures very neatly should first draw 
them with a fine pencil, and afterwards ink in the lines with Indian 
ink, using for this purpose the pen-leg of the compasses, or a drawing- 
pen. What is given should always be * inked in« 
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ABC wliich is here said to be equilateral, is really so. Let 
it be thus written : 

'1. A G is equal to A B, because they are both radii of 
the same circle BOD (Def. 16).* 

[If the learner looks back to Definition 15, he will there 
see that all straight lines dravm from the centre to the 
circumference of the same circle are equal. In other 
words, that all radii of the same circle are equal.] 

^2. G B is equal to AB because they are both radii of 
the circle AGE (Def. 15). 

' 3. Wherefore A G and G B are each of them equal to 
AB.' 

Now look back to Axiom 1, and introduce it into the 
demonstration by writing thus : 

And things which are equal to the same thing are equal 
to one another. 

[Do not write as the conclusion, Therefore G A, A B, and 
B G, are all equal to one another ; that would be wrong 
(see obs. on Axiom 1, page 15). The right conclusion is,] 

* 4. Therefore G A is equal to G B J 
Now, indeed, that you have shown 

(1) that A G is equal to AB, 

(2) that G B is equal to A B, 
and (3) that A G is equal to G B : 

That is, now that you have shown that each side of the 
triangle A B G is equal to the other two, you can say, 
Therefore G A, AB, and B G are all equal to one another. 
Write then as follows : 

* 5. Therefore G A, A B, and B G are all equal to one 
another.* 

And add in conclusion : 

^ Wherefore the triangle A B G is equilateral, and it is 
described on the straight line A B, which was required to 
be done.* 

The First Proposition is thus completed. 

As very many learners fidl i?ito the mistake of wrongly 
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applying the firsi axiom in the above and the two following 
propositions, suppose we try to show how to apply it 
lightly by a jocular illustration. Horace says 

Bidiculum acri 
Fortius et melius niagnas plerumque secat res. 

See Figure 18. On the left is drawn a turreted fortress, 
that is meant to represent the Tower of London ; on the 
right is drawn a castle with a round tower and a flag flying, 
that represents Windsor Castle. Now the first battalion of 
the Grenadier Guards is stationed at the Tower, and the 
second is stationed at Windsor. And you here see two 
Privates of these battalions pacing backwards and forwards 
as sentries, one at the Tower, and the other at Windsor 
Castle. 

Now between these two sentries a bet, a heavy and 
important bet, is pending, as to which of them is the 
tallest. 

Unfortunately, as you perceive, they are both on guard, 
and cannot therefore decide the question by the simple 
mode of standing back to back and measuring. 

What shall they do ? The London man has a friend 
who measures with him, and finds that his height is exactly 
that of the sentry. 

Now this friend is not on duty, and he gets leave to go 
to Windsor. In the middle of the picture you see him in 
the train on his way. When he gets there he measures 
with the man that is on guard at Windsor Castle, and he 
finds that his height is exactly that of this sentry also. 

Hence the London man and the Windsor man know 
that they are the same height the one as the other, though 
they have not been able to measure the one mth the other. 

Remember the important question to be decided is this, 
whether the London man is equal to the Windsor man. 
The man that went Tjy the train is only useful as a means 
of comparing these two. 

Look now at figure 17, and say of the three straight 
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lines whieh form tlie triangle ABC, which two lines re- 
present the London man and the Windsor man, and which 
line represents the man that went bj the train. 

[The learner is advised here to close the book and write 
the answer to this question, and when he has written it, to 
read on and see if he is right. J 

Ans, — C A and C 3 are the London man and the 
Windsor man, and A B is the man that went bj the train. 

As in the foregoing writing ont of the First Proposition, 
the thread of the reasoning was often broken off by ex- 
planatory remarks, before passing on to the next proposi- 
tion it may be well to write it ont again, as it might bo 
written in an examination. 

Peopositiok I. Problem. 

Oeneral Enunciation. 

Given a straight line : — 

It is required to describe an equilateral 
triangle upon it. 

Particular Enunciation. 

Let AB be a straight line (fig. 17) : — 
It is required to describe an equilateral triangle 
upon A B. 

Construction, 

1. From the centre A and at the distance A B 
describe the circle BCD (Post. 8), 

2. From the centre B and at the distance B A 
describe the circle ACE (Post. 8). 

3. From the point C where these circles cut one 
another draw the straight lines C A, C B, to the 
points A and B. 

4. Then ABC shall be an equilateral triangle. 
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Demon^tra Hon* 

1. AC is equal to A B, because they are radii of 
the same circle BCD (Def, 15). 

2. C B is equal to A B, because they are radii of 
the same circle ACE (Def. 15). 

3. Therefore A C and C B are each of them ecjual 
to A B. 

4. And things which are equal to the same thing 
are equal to onS another. Therefore A C is equal to 
CB. 

6. Wherefore C A, A B, and B C are all equal to 
one another, and the triangle A B C is therefore equi- 
lateral, and it is described on the given straight line 
A B, which was to be done.^ 

On the Second Proposition, 

We now pass on to the second proposition. 

Yon will find that it depends on (hangs on) the first. 
Here, then, you have a first instance of what yon will observe 
constantly in your progrjess through Euclid — the dependence 
of successive propositions on those which have gone before. 
As you advance from proposition to proposition, you will 
find a following one so often linked to and dependent on 
the next preceding, as to bring to mind the idea of a chain 
in which the successive links are joined on to, and hang, 
one from another. 

Indeed, it is instructive in going through the propositions 
of Euclid to hang them, chain- wise, one from the other, 
linking each to that on which it depends, as is done in the 
woodcut on the title-page, which will explain itself to you 
as you proceed. In fact, in the second proposition, you 

1 It will be a good exercise to put the letter F at the other point 
where the circles intersect, and completing the triangle A B F as abovOf 
to prove that the triangle A B F is equilateral, in a similar manner* 
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will find Ifhat yon hang on the second link of your ' chain 
of reasoning.' * 

The qnesiioh ever to be as)ced, what is given, and. what 
has to be done in the Second Proposition, is thus answered 
in the 

, Oeneral Enunciation, 

Given a point, and a straight line : — 
It is required from the given point to draw a straight 
line equal to the given straight line. 

Now put a dot (fig. IS) where you like to indicate th6 
place of the given point. You had better put it about the 
middle of your sheet of paper, and call the point A. Also 
draw a straight where you like (let one of its extremi- 
ties be about an inch from A), to indicate the given straight 
line. Put the letters B and G, one at each end of the 
straight line, and call it the straight line B C. 

This being done, looking back to, or remembering the 
general enunciation, write as follows the 

Particular Enunciation. 

' Let A be the given pointy and let B G be the given 
straight line : — * 

' It is required from A to draw a straight line equal to 

bg: 

Before the learner begins the construction, he would do 
well to listen to a word of advice. It applies to every pro- 
position. Avoid always the miserable habit of copying at 
once the whole figure as given in the book. The figure 
ought to be constructed, built up (construere means to build) 
gradually, according to the directions given in the succesr 
sive steps of the coi^truction. 

» . • " ...  - ^ » 

1 The learner is advised, as he finishes each successive proposition, 
to torn to the title-page, and observe how the oonjiesponding link is hung 
on the chain. A full explanation of the woodcut is gireu at the end 
of the boot . . 
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We will now go pn to the 

Oonatruction} 

Write : * (1) From the point A to B, draw the straight 
line A B/ 

Then do this carefully with penoil and ruler, observing 
the directions given in Prop. I. for doing this. Bemember 
it is done by Postulate I. 

This being done, write : 

' 2. Upon A B describe an equilateral triangle I) A B.' 

Now this is to be done by the first proposition. - Euclidj 
however, does not encumber his figure by exhibiting ' tho 
construction of the previous proposition, on which it de- 
pends. But in order to construct the figure neatly and cor- 
rectly, you should draw lightly in pencil, as in Prop. I., two 
circles with the centres A and B respectively, and with tho 
radius A B intersecting at the point D. Having thus found 
D the vertex of the equilateral triangle, the straight linos 
D A, D B may be drawn to the points A and B, and inked 
in, and when the ink is dry, the two circles may be efiaced, 
and you have the equilateral triangle as it appears in 
Euclid^s figure of the second proposition. 

Another way, in common use among draughtsmen, is to 
open your compasses so that the distance between the points 
may be equal to A B. Then with the centres A and B, 
draw two little arcs, that is, small portions of the cir- 
cumference, about where you judge the circles will inter- 
sect. The intersection of these arcs gives the point D, that 
is, the vertex of the equilateral triangle, which may be com- 
pleted as before. 

The equilateral triangle being thus described, wrife 
down the next step of the construction, which is : 

' 2. Produce the two sides D A, D B to the points E 
and F/ 

Notice that both the straight lines are produced from 

'. See note 1, on Prop. L 

02 
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the same point D, through A and B. They may be pro- 
duced as far as yon like, to the edge of your paper if you 
think proper. The producing a straight line is not very 
easy to do accurately ; it requires care. The ruler must be 
placed very carefully along the straight line to be produced, 
and before producing it the learner must observe if the 
point of the pencil, when it is drawn along the ruler, passes 
accurately from end to end, along the straight line to be pro- 
duced. 

Having produced the straight lines DA, D B to E and 
F, write : 

' 3« With centre B, and at the distance B C, describe the 
circle CGH.' 

Then describe it. At the point where this circle cuts 
the line BF, put the. letter G, Also put H at any other 
point in the circumference. 

Then write : 

' 4. With the centre D, and at the distance D O, describe 
the circle G K L.' [Observe that D is the vertex of the 
equilateral triangle, and that the distance D G is determined 
by the first circle Gt H.] 

Then do so. Put L at the point where this circle cuts 
the straight line D E, and K at any other point in the cir- 
cumference of the cii'cle. And add : — 

* 5. Then shall A L be equal to B C 

The demonstration that it is so may be written as 
follows : 

'1. B G is equal to B G, because they are both radii of 
the same circle, GH (Def. 15). 

2. Also D G is equal to D L, because they are both, 
radii of the circle, G L K (Def. 15).' 

[Now observe, D A is a part of the straight line D L, 
and if D A be taken from D L, the remainder will be A L, 

Also D B is a part of D G, and if D B be taken from 
D G, the remainder will be B G. 

We know, too, that D A and D B are equal, because they 
are the sides of an equilateral triangle* 
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Also we*know that if equals be taken from equals the 
1*6111 ainders are equal (Ax. 3).] 

We may then continue the demonstration by wnting 
thus : 

* 3. But D A and D B, parts of them, are equal (con- 
struction). 

4. Therefore the remainder AL is equal to the re- 
mainder B G (Ax. 8). j 

5. But B G was proved equal to.B C. 

6. Therefore A L and B are each of them equal to 
BG. 

7. And things that are equal to the same thing are equal 
to one another.' 

[Do not write, therefore, A L, B G, B are equal to one 
another, but write,] 

* Therefore, AL is equal to B C (Ax. 1). 
Wherefore from the given point A a straight line A L 

has been drawn equal to B 0, which was to be done.' 

Ha'nng now completed the second proposition, the 
learner will do well to try if he can detect which two lines 
are the London and Windsor man, and which line is the 
man that went by the train. [Having written the answer, let 
him read on and see if he is right.] 

Ans. — A L and C B are the London man and Windsor 
man respectively, and B G the man that went by the train. 

Ohs, — It will greatly help you in the demonstration 
of every proposition to attend to the following remark :— ^ 

Whatever you are told to do in the construction is sure 
to follow the word * because* in the demonstration. For 
instance, in the construction of tliis proposition you were 
told, with centre B, and at the distance BC, to describe a 
circle G H, and in the demonstration you meet the 
sentence, ' B C is equal to B G because they are both radii 
of the same circle C G H.' 

Again, you were told in the construction, with the centre 
B, and at the distance D G, to describe the circle G L K ; 
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tod in the d^mohstration you have to say, * D L is equal to 
D G, because they are both radii of the same circle G L K.* 

Once more : In the construction you were told on A 6 
to describe an equilateral triangle D AB ; and in the demon- 
stration you have to say, * D A is equal to D B, because they 
are the sides of an equilateral triangle.' 

This is an invariable, essential rule in geometrical 
reasoning, and it is very helpfal ta a beginner, when he 
has taken it in. 

You will find it an instructive exercise to. make, besides 
the above, three other figures. 

The first, by describing, the equilateral triangle on the 
other side of A B (see ^gi 20). 

The secondy by joining A with C, the other extremity 
of the line B C, and describing the triangle on. the upper 
side of A C (see ^g, 21). 

The third, by describing the equilateral triangle on the 
other side of A G (see ^g, 22)^ 

It will be a useful exercise, also, to place the given point 
A somewhere in the given straight line B C. It will not 
be necessary, in this case, to join A to B, or C, because these 
points are already joined (A B and A C being parts of the 
^iven straight line B C) ; and from A, as before, a straight 
line, indeed four straight lines, ALi, AL2, AL3, AL4, 
maybe drawn, each equal to B C (see fig. 23).* 

Observe the nearer the given point is placed to the 
end of the given straight line, the smaller becomes the side 
pf the equilateral triangle, and when the given point A 
coincides with the end of the given straight line, the equir 
lateral triangle becomes reduced to a point, and the two 
circles become one and the same, the centres of both being 
the same point* 

' , This figure looka complicated, hecause all the four straight lines 
are drnwii in one figure, It might be simplified by drawing four 
separate figures, as above. 
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In fiebct', in this case the whole constmction is as follows : 
With centre B (A and B now coinciding), and at the dis- 
tance B C, describe a circle ; then any Straight line, drawn 
from the centre B to the circumference of this circle, is a 
solution of the problem. This is the case (you will meet 
with the like again) in which, under special circumstances, 
the number of solutions to a problem becomes unlimited ; . 
sometimes under spdcial circumstances the solution of a 
problem becomes impossible. 

It remains now, before passing to the third proposition, 
to write out the second without explanatory remarks, in 
the way in which it might be written out in an examina- 
tion. • " 

Proposition II. Problem^ 

Oeneral Enunciation, 

Given a point and a straight line : — 
It is required from the given point to draw a 
straight equal to the given straight line* 

Particular Enunciation (fig, 19). 

Let A be the given point, and B C the given- 
straight line :— 

It is required from A to draw a straight line 
eqnal to B C. . * 

Construction. 

1. Prom the point A to B draw the straight line 
AB (Post. 1). 

2. On A B describe an equilateral triangle DAB 
(Prop.l). . 

8. Produce the straight lines DA, DB^ to I! 
and P« 

4. Prom the centre B, and at the distance BG, 
describe the circle C G H (Post. 8), cutting D P in 
the point G. 
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6* From the centre D, and at the distance D G, 
describe the circle G K L, cutting D E in the point L« 
Then shall A L be equal to B C. 

Demondraiion. 

1. B C is equal to B G, because they are both radii 
of the same circle C G H (Def. 16). 

2. D G is equal to D L, because they are both radii 
of the circle GLK (Def. 15). 

3. D A, D B, parts of them, are equals because they 
are sides of an equilateral triangle. 

4. Therefore the remainders BG and AL are 
equal (Ax. 3). 

6. But BG was proved equal to BC. 

6. Therefore *B C and AL are each of them equal 
to B G. 

7. And if two things are equal to the same thing, 
they are equal to one another. 

Therefore A L is equal to B C (Ax. 1). 

Wherefore from the given point A, a straight 
line A L has been drawn equal to the given straight 
line B C, which was to be done. 

On the Third Proposition* 

The third proposition is one the point of which is often 
missed. Its dependence on the second is overlooked. 

Here, as in the former propositions, take a fresh piece 
of paper to describe the figure on-^a square piece, of the 
size of an ordinary copy-book will do ; and as there are 
many lines of construction to be drawn, begin the figure 
in the middle of the page. 

r 

Oeneral Enunciation, 

To the question, ever to be repeated, What is given in 
the third proposition, and what has to be done ? the answer 



IS, 
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Two straigbt lines Bxe given, one of which is greater 
than the other :— * 

And it is required from the greater, to cut off a part 
equal to the less. 

On a page different from that on which the figure is to 
be drawn, write thus : 

* 1. Let A B and G L be two straight lines, of which A B 
is the'greater.' 

Then draw these two straight lines ; (let C L be about 
an inch and a half long, and let the nearest extremities of 
the straight lines be about an inch apart) ; and add, 

* 2. It is required from A B the greater, to cut off a part 
equal to G L, the less.' 

The first st«p in the construction is: 

' I. From the point A, draw a straight line equal to G L 
(Prop. 2).* 

This at once links this, the third proposition, on to the 
second, for what you are here told to do is exactly what you 
were taught to do in the second proposition, 

Begard then at present only the point A (which is one 
extremity of the straight line AB) and the straight lino 
C L. And taking A as the given point, and C L as the given 
straight lino, do all the construction of the second proposi- 
tion over again. 

Ohs, — ^In the fig. 24(i) this construction is ^ ven in dotted 
lines ; do you do it in pencil, that it may afterwards be 
effaced. 

i. The first step of the construction of the second 
proposition is from the point A to C, to draw the straight 
line A (Post. 1). 

ii. The second step is to describe an equilateral triangle 
on AC. 

To do this we must go back to the first proposition. 
But in order not to encumber your figure with circles, find 
the vertex of the equilateral triangle by the intersection of 

two small arcs, according to the method described on p 27 ; 

c3 
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vail the iniaersectibn of ihe arcs H, join H A, and to save 
time and ensure correctness, hefare removing the mler^ 
prodnoe HA to any point K. In like inanner join H C, 
and produce it at once to M. 

iii. The third step in the construction of the second pro- 
position is this : With the centre 0, and at the distance 
CL, to describe a circle LNB intersectiDg CM in the 
point F. 

ir. And the last step is, with the centre H, and at the 
distance H N, to describe the circle N D S intersecting A K 
in the point D. 

By the above construction A D has been drawn from 
A equal equal to C L. 

It may be as well to go over to yourself rapidly the 
proof given in PrOp. 2, that A D is equal to C L. If you 
are by this time up in the proof, and can follow it with this 
figure, it will not take a minate. If you are notup in the 
proof, and are obliged to refer to the demonstration given 
in the second proposition, it will be good practice to go it 
over again. And by all means pick out the Windsor mail 
and the London man^ and the friend that went by the train. 
When you have found them out, or think you have, read 
On and see if you are right. 

Ana, — C L and A D are the London and Windsor man 
respectively, and C N is the man that went- by the train. 

And now all the construction indicated by the dotted 
lines having been done by you in pencil, ink in the lino 
A D, and when the ink is dry, efface all the pencil construe-* 
iion, and you have remaining on your paper the two given 
straight lines AB and GL, and a third straight line AD 
drawn from one extremity A of the greatier straight line 
A B, equal to C L, the less (see fig. 24(i)). 

And here begins the new part of the third proposition. 
' There is only one step of construction in this new part ; 
write it thus : 

^2. With the centre A, and at the distance A D, describe 
the circle D E F, cutting AB in the point £/ ' 
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Tou have but to add :— * Then A E shall bo equal to 
OL.' 

The demonstration is as follows : 

* 1. A E is equal to A D, because they are both radii of 
the same circle D E P. 

2. But A D was made equal to C L (Prop. 2). 
- 3. Therefore A E and C L are each equal to AD, 

And if two things are e<)ual to the same thing they aro 
equal to one another. Therefore A E is equal to C L 
(Ax. 1). 

That is, from AB the greater of two given straight 
lineSj a part AE has. been cut off equal to C L, which was 
to be done,* 

It is hoped that the learner will have no difficulty in 
detecting that C L and A E are respectively the London 
inan and the Windsor man, and that A D is the man that 
went by the train. 

It only remains now to write out the third proposition, 
unencumbered with explanatory remarks. 

Proposition III* Problem. 

General Eminciation. 

Given two straight lines, of which one is greater 
than the other:— 

It is required from the greater to cut off a part 
equal to the less. 

Particular Enunciation. 

Let .A B and C L be two given straight line* 
{&g. 24(f)), of which A B is the greater :— 

It is required from A B, tlie greater, to cut off a 
part equal to C L, the- less.- - 

 

- Construction. ... 

1. From the point A draw the straight line AD 
equal to C L (Prop. 2), 
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2. From the centre A^ and at the distance AB, 
describe the circle D E F, cutting the straight line 
A B in the point E. 

Then shall A E be equal to C L, 

Demonstration. 

1. AE is equal to AD, because they are both 
radii of the same circle D E F (Def. 15). 

2. But A D was made equal to C L (Prop. 2). 

3. Therefore AE and C L are each of them equal 
to AD. 

4. And things which are equal to the same thing 
are equal to one another ; therefore A E is equal to 

CL(Ax, D- 

Wherefore from the greater of two given straight 
lines a part has been cut ofiP equal to the less, which 
was to be done, or Q. E. F. {Quod er at faciendum). 

Oil the Fourth Proposition, 

"We pass on now to the fourth propositiozi. It is a 
great and most important proposition, and ht^ been called 
the key to Enclid. It is in fact the real beginning of 
Euclid, the three first propositions being introdnced 
before it only because in the fifth and sixth propositions 
Euclid has from the greater of two straight lines to cut off 
a part equal to the less. 

Tbe fourth proposition is one of a new kind, unlike the 
first three, which are jproblems, this is, a theorem. In the 
first three something was to be done* In the fourth some^ 
thing has to be proved. 

General Enunciation, 

Let us begin with tl^e never-to-be omitted question, 
What is giy«p in this proposition, and what has to be 
proved ? 
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The reply is as follows : 

Two triangles are given, whicli liave two sides of the 
one eqaal to two sides of the other, each to each, and have 
likewise the angles contained by those sides equal : — 

And it is required to prove that, in this case, the two 
triangles will be equal in every respect, namely, that : — 

(1) The bases, or third sides, will be equal. 

(2) Each pair of the remaining angles, to which the 
equal sides are opposite, will be equal. 

(3) The triangles will be equal; that is, the quantity 
of surface enclosed' between the two sides and the base of 
one of the triangles, will be equal to the quantity of sur- 
face enclosed by the two sides and the base of the other 
tritogle. 

It may be useful to look back to page 12 and read over 
again the observations 2 and o on Triangles. 

Particular Enunciation (Fig. 25). 

Let ABO and D E F be two triangles which have two 
sides, B A and A C of the one, equal to two sides, E D and 
D F of the other, each to each, namely A B to D E, and 
A C to D F» Also let the angle BAG, contained by t]b© 
two sides B A, A of the triangle A B C, be equal to the 
angle E D F contained by the two sides E D, D E of the 
triangle D E F :— 

Before going on to say what has to be proved, it will be 
"well here to pause and give some directions about drawing 
these two triangles. 

First draw in pencil two straight lines, A M and D K 
(see fig. 25(1)) j then take your wooden or cardboai^d triangle, 
(knd lay one of its edges along A M, bringing one of its acute 
angles to the point A ; and using the triangle so placed as 
a guide and ruler, draw from A a straight line A P ; then 
remove the triangle, and place the same edge of it along thq 
straight line D N, placing on D the angular point which 
before lay on A, and, in the same manner, from D draw +^'* 
straight line D Q. Then take your compasses Ku? 
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them mark off from A M and D N eqtial parts A'B and t) E, 
and opening the compasses a little more, mark off frt>m A P 
and D Q equal parts A and D F, and join B C and 
E F. - This being done, ink in the sides of triangles ABC 
and D E F, and effacing the pencil marks denoted in the 
fig". 25ci) by dotted lines, yon have two triangles ABC, 
D E F (fig. 25(3)), which have two sides of the one equal to 
two sides of the other, and likewise the inclnded angles 
equal.i 

And you hiave to prove: 

First, that the base B C is equal to the base E F. 

Secondly, that the remaining angle A B C is equal to 
the remaining angle D E F (these angles being opposite to 
the equal sides AC and DF), and that the remaining 
angle A C B is equal to the remaining augle D F E (these 
angles being opposite to the equal sides A B and D E). 

. Thirdly, that the triangle ABC is equal to the triangle 
D E F; that is, that the space or area enclosed by the three 
straight lines B A, AC, and C B is equal to the area or 
space enclosed by the three straight lines ED, D F, and 
FE. 

And now, supposing that you have carefully gone through 
this long enunciation, have drawn the figure, and that yon 
see distinctly what is given and what you have to prove, it 
is very possible that your first observation will be ba 
follows : Euclid gives me these two triangles ; he tells me 
the two sides, or legs, of one of the triangles are equal td 
the two of the other, and that these legs are equally drawn 
asunder ; and he ^ves me a long proposition to prove that 
the lines drawn across at the bottom of the legs must be 
equal. Who would think of denying it P It must be so.- 



1 It was said, m the observations on the postulates, that your 
compass and mler Were not to be used for measuring. That only refers 
to lines and angles which hare to be made or proved equal, not to those 
which are given equal ; when lines and angles are given equal, you may 
use any mechanical means for making them so« > 
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Anybody in his senses musi see that the cross lines at the 

bottom must be eqnal. 

- To this observation the reply is : 

What yon siay is natural, reasonable, and quite true, 
and (it might be added) shows active intelligence on your 
part. Yet, nevertheless, if instead of reeling satisfied with 

* feeling ' it must be so, you will listen to Euclid patiently, 
and first let him tell you the axiom on which he is going to 
prove the proposition, and follow him as, step by step, 
he proceeds to prove that the bases, the remaining angles, 
and the triangles are equal, in accordance with that axiom, 
and take in all the steps of his reasoning, so as td be able 
to reproduce them correctly without assistance — if you are 
able to review the whole proposition, and to feel that you 
have clearly and rigorously proved the truth of the state- 
ments he makes in the enunciation — ^by this mental process, 
you will be lifted up into a higher intelliectual level than 
you have yet reached, or could reach, without this niental 
effort, and from that higher level you never can come down 
again all your life long. 

Do not think the above to be an exaggerated statement 
of an enthusiastic teacher of Euclid. There is no mathe- 
matician who would not agree that what is here said is no 
more than «o5er truth, 

Thia is said to encourage you to give attention 1k) the 
reasoning, to follow what is said with thought said patience, 
and not io allow any statement to pass of which you do not 
understand the meaning. On the other hand, every step 
of the reasoning is so simple that there is fear that the 
simplicity of the steps may be a bar to your, taking in the 
reasoning. * 

• There is nothing -abstruse in what you are going to 
do. Every step of the reasoning is as simple and straight- 
forward as it is rigorous. 

Having said this, we will now go back to the proposi- 
tion. And first we have to prove that the base B G is 
equal to the base E F, 
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It is done by the eighth axiom, T^hich asserts, ' That 
magnitudes which exactly fill the same space are equal ^ 
(see the remark on this axiom, page 16). We must there- 
fore show that B C and E F may be made exactly to fill 
the same space. 

With this end in view, imagine the triangle ABC to be 
taken up and laid npon the tiiangle D E F, A beiag placed 
on D, and the straight line A B being laid on D E, as far 
as it goes. 

01)8, — ^This yon can do with any two figures, however 
nnlike they may be, provided only that they be rectilineal. 
Here take np a book D E F G, and your wooden triangle 
P Q B. The book and triangle are quite nnlike in form, 
yet you can put one of the angular points P of the 
triangle on the comer of the book, and lay the triangle on 
the book so that a side of the triangle P Q shall lie along 
the edge of the book D E, oa far as it goes (see fig. 26(i)). 
This is all that Euclid tells you to do. 

It is not uncommon for learners to begin this propo- 
sition in some such way as the following : Put A on D, and 
B on E, and G on F (fig. 25). But this is altogether 
wrong, for this you could not do with any two triangles 
which you jnight chance to take up, and what Euclid tells 
us to do might be done with such, chance triangles, or 
indeed with a triangle and a book, as we have seen. 

Eetuming now to the two triangles ABC and D E F; 
A is placed on D, and A B, as far as it goes, is made to 
lie along D E. But how far will it go P where will the end 
of it, B, come P where will it naturally and of necessity 
fall P and why P That is now the question. 

Do you hesitate to answer? Well, then, as Euclid's 
argument is simply ah appeal to our common gbnse, to our 
every-day experience, we will have recourse to a very 
homely illustration of his reasoning. Here are a couple of 
walking-sticks ; one of them is two inches longer than the 
other. Now, if the handles are brought together, and one 
of the sticks is laid along the other, will the points come 
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together ? You feel they will not, and the reason why, you 
will give readily, * One of them is longer than the other.' 
That is quito right. Bat here are two other walking-sticks ; 
these are of equal length. If we put the handles of these 
together, and lay one of the sticks alongside the other, will 
their points come together ? You answer, * Yes, of course 
they do.' Why ? * Because the sticks are of equal length/ 
Exactly so ; that is all right. Now turn once again to the 
triangles. Look upon AB and DE as representing the 
two walking-sticks ; consider the extremities A and D as the 
handles. Now, A has been placed on D, and A B has been 
laid along DE, as far as it goes; then how far will it 
go ? where will its extremity B come ? will it come on E ? 
* Yes,' you reply, * if A B is equal to D E.' But if you look 
at the enunciation you will see that these lines were given 
equal ; so that you can say, B will come on E [not because 
you put it there, but] because A B was given equal to D E. 
Are you disposed to say, * Is that all ? ' It is all ; possibly you 
may feel disposed to add, 'There is nothing in it.' There 
is a great deal in it. There is a bit of reasoning perfectly 
simple, perfectly conclusive. All the succeeding steps are 
equally so. 

We will proceed. Take up again the wooden triangle 
P Q B and the book D E F G fig. 26(i). It is, you may 
observe, one of the acute angles of the triangle which has 
been placed on the comer of the book. You have one side of 
the triangle P Q lying along the side edge of the book, as 
far as they go together. Will the other side of the triangle 
P R lie {Jong the top edge of the book ? Clearly it does 
not. But if the triangle is turned round, and the right 
angle of the triangle is placed on the comer of the book 
(fig. 26c»), and if, as before, one side Q B of the triangle 
is made to lie along the side edge D E of the book, does 
the other side Q P of the triangle lie along the top edge 
of the book, as far as they go together ? Yes, now it does. 
Why is it that in this last case the second sides come to< 
gether, while in the former they did not P Simply because 
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in the last case the incladed angles are eqnal, both being 
right angles, but in the former they were not. 

Turn once again to the two triangles ABC and DEP 
(fig. 25(2^). We placed A on D, and A B along D E ; will 
A C lie along D F? Certainly, becanse the included angles 
B A C and D E F are equal. You remember these angles 
were given equal, and we took pains, in drawing the tri- 
angle, to make them so. 

We will pause here to introduce a stoiy. There is often 
a great deal of teaching to be got from a story. 

A boy in going through the fourth proposition said 
thus : ^ Because A B is equal to D E, and the angle B A C 
is equal to E D F, therefore the line A C lies on D F.' * No, 
no,' said the teacher. ' What ought he to say ? ' The next boy 
answered, * Because A B lies on D E.' A little fellow sitting 
beside the speaker (he is a post-captain in the navy now) 
here looked up eagerly into the teacher's face, and said, 
* Please, sir, will you tell me why it is not as good to say it 
one way as the other ? * * Do you wish to know ? I will tell 
you willingly,' was the reply, ' Look at those two triangles 
on the black board, ABO and DEF. You remember 
A B and A C are respectively equal to D E and D F, and 
the included angle' B A O is equal to. the included angle 
E D F.' He answered, ' Yes.' 

* Now,' said the teacher, * if I were to take a saw, and 
cut down through the board between the triangles, and 
were to send one half of the board, namely, that half on 
which the triangle A B C is drawn, to Oxford, and the 
other half, that on which D E F is drawn, to Cambridge, 
the lines and angles would still be equal, would they not ? 
Of course they would. But if one of the triangles were at 
Oxford and the other at Cambridge, could the lino A C lie 
on the line on D F ? Certainly not. 

* But if the triangles are neither at Oxford nor at Cam- 
bridge, but there on the board before us, and I conceive 
the triangle ABC to be laid on D E F, laying A on D, 
and AB along DE, then indeed AC will lie along DF| 
because the included angles arc equal.' 
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A flu'sli snffiised the boy's cotmtenance. * Thank yon, 
sir,' said he. * I see ifc perfectly now ; I never saw it before.' 
— Narrative Essay on a lAberal Education, p. 62. 

To resume the demonstration. We have now shown that 
A will lie on D F, as far as it goes, and given the reason 
why. The last question is, Will the point C come naturally 
and of necessity on F ? Yes, it will — and why ? Because 
the straight lines A C and D F were given equal. 

[It would be paying you a poor compliment to take up 
the walking-sticks again to illustrate this.] 

We will here review what we have done. Supposing 
the triangle ABC laid on the triangle D E F, as Euclid 
tells us to lay it ; which is as any triangle whatever might 
be laid ondrvy biker, we have shown that in the caseof these 
tioo particular triangles, in consequence of their having two 
sides of the one equal to two sides of the other, and the 
included angles being equal, JB unit come on E, and on F, 
A little reflection will tell that if any one of these three 
given conditions were wanting, we could not prove it.. But 
all three of them being given, we can prove rigorously and 
satisfactorily that B must come on E, and G on F. 

In the fig. 25(2) a few strokes are drawn across the 
triangle ABO. This is done to remind the learner that he 
is not to conceive that the triangle A B C is still in its old 
place, but thai it is now lying on D E F ; A lying on D, it 
having been placed there ; and B and C lying on E and 
F, where it has been proved that they will come. For the 
same reason the second letters A, B, and C have been placed 
at the angular points of the triangle D E F. 

We now go forward : 

Look at, and for the present confine your attention 
wholly to, the two straight lines B C and E F (do not think 
about the triangles). Observe that B is the beginning and 
C i3 the end of one of these straight lines, and that E is.the 
beginning and F the end of the other of them ; and it has 
been shown that the beginning B lies on tbo beginning E, 
and that the end G lies on the end F. Now these two 
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straight lines being together at their be^nning and at their 
end, is it possible for them to separate at all between the 
beginning and the end ? * that is the question.' Here are a 
conple of pens ; if the feather ends are bronght together 
and the quill ends are brought together (see fig. 27), they 
do separate between the beginning and the end, and by 
thus separating they enclose or shut up a space ; but that is 
because the pens are not straight. Two straight lines 
cannot enclose a space (Ax. 10) ; it takes at least three 
straight lines to enclose or shut up a space. Therefore, the 
two straight straight lines B C and E F, being together at 
their beginning and together at their end, must keep together 
from beginning to end. 

What is the end of all this ? Why this : if you now 
draw the point of your pen along the line joining B and C, 
and again along the line joining E and F, you find that you 
have in both cases drawn the point of your pen through the 
same space. But magnitudes which fill the same space are 
equal. Therefore the base B G is equal to the base E F 
(Ax. 8).i 

We have thus proved in accordance with the eighth 
axiom, that the base B G is equal to the base E F« It will 
be a slight task compared with the foregoing to prove that 
the remaining angles and that the triangles are equal. 

These are proved equal by the same aziomr; we must 
therefore see if they fill the same space. First let us con- 
sider the angles A B G and D E F ; confine your attention 
wholly to these angles, they are contained by the straight 
lines A B, B G, and D E, E F respectively. And where is 
A B now lying ? It is lying along D E, for we put it there. 
And where is B G now lying ? It is lying along E F ; we 
have jibst proved that it must come there. If now you make 
the little curved rim as described page 6 (see fig. 3) to 

' ^ If ve show that two lines begin together, end together, and keep J 

together from beginning to end, this is quite enough to prove that they 
fill the same space ; for lines have no thickness ; they can only fill or 
occupy space of one dimension — that is, length. 
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indicate tbe angle contained by the straight lines A B, B G 
(fig. 25(8)), that is, the angle ABC; and again, if you 
make a similar carved rim to indicate the angle contained 
by the straight lines D E, E F, that is, the angle D E F, 
you find that you draw the curved rims in both cases through 
the same space ; that is, the angles ABC and D E F fill the 
same space, and therefore, in accordance with the eighth 
axiom, they are equaL 

The angles A C B and D F E (see fig. 25(8)) are proved 
equal in precisely the same manner. A is now lying on 
D F [not because we put it there, as in the case of A B and 
D E, but] because, having put A B on D E, we proved that 
A G must lie along DF, and GB, as said above, has been 
proved to lie along F E, so that the two rims, if drawn to 
indicate the angles A G B and D F E, would both be drawn 
through the same space, thereby showing that the two 
angles A G B and D F E both fill the same space, and there- 
fore again by the eighth axiom they are equal. 

Once more. In order to prove that the triangles are 
equal, we follow the same line of reasoning, thus : The 
straight line AB was placed on DE, and hence we proved 
that A G must lie along D F, and that B G must lie along 
EF; hence evidently if you put your finger first on the 
space shut up within the three straight lines A B, B C, 
and G A, and again on the space shut ijp or enclosed 
within the three straight lines D E, E F, and F D, you find 
you are putting your finger, in both cases, in the same 
space ; that is, the triangles ABC and D E F both fill the 
3ame space,^ and therefore they are equal (Ax. 8). 

It is all over now. You have thoroughly and rigorously 
proved, in accordance with the eighth axiom, that, if two 
triangles have two sides of the one equal to two sides of 



' It is only necessaiy to show that the boundaries (see Def. 13) of 
the triangles lie together, in order to prove that the triangles fill the 
same space, for triangles are surfaces which have onlj length aud 
breadth, and no thickness* 
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the other, and have likewise the angles contained by thosd 
sides equal, they are equal in every respect — 

r Equal in respect of sides, 
^ Equal in respect of angles, 
L Equal in respect of area. 

It only remains that the proposition be written for your 
guidance in the form in which it might be written in an 
examination. " 



PROPOSITION IV. Theoeem. 
General Enunciation. 

It is given that two triangles have two sides of 
the one equal to two sides of the other, and haye 
likewise the angles contained by those sides equal :-«- 

It is required to prove that the triangles are 
equal in every respect; that is, that their bases are 
equal, that their remaining angles are equal, each to 
each, to which the equal sides are opposite, and that 
the triangles are equal. 

Particular Ermndation. 

Let A B (3 and D E P, {^g. 25(3)) be two trianglep 
which have the two sides B A, A C, equal to the two 
sides ED, D F, each to each, viz. A B to D E, ajid 
AC to DE, and have likewise the included angle 
BAG equal to the included angle E I) P :-j- 

It is required to prove that the triangles ABC 
and DEE are equal in every respect; that is, that 
the base B C is equal to the base E F, and that the 
remaining angles are equal, each to each, viz. ABC 
to D E F, and AC B to D F E, also that the triangles 
AB C and D E F are equal. 
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Constructiony or Qimsi-construction* 

Apply the triangle A B C to the triangle D E P, 
so that the point A may be on the point D, and that 
the straight Une A B may lie along the straight line 
DE. 

DemonstraticmM 

1. Then the point B will come on the point E, 
because the straight lines AB and DE are equal 
(hypothesis). 

2. And A B lying along D E, A C will lie along 
D F, because the included angles BAG and E D F 
are equal (hyp.). 

8. And A C lying along D F, the point C will 
come on the point F, because the straight lines A 
and D F are equal (hyp.) . 

4. And it has been proved that B will come on E. 

5. And B lying on E, and C on P, the straight 
line B C must lie along the straight Kne E F from 
beginning to end, for if they separated, between the 
beginning and the end, they would enclose a space, 
which is impossible (Ax. 10). 

6. Therefore the two straight lines B C and E F 
fill the same space, and are therefore equal (Ax. 8). 

7. Also the angles ABC and D E F fill the same 
space, and are therefore equal (Ax. 8). 

8. Likewise the angles A C B and D F E fill the 
same space, and therefore are equal (Ax. 8). 

9. And the whole triangles ABC and D E F fill 
the same space, and are therefore equal (Ax. 8). 

Wherefore if two triangles have two sides of the 
one equal to two sides of the other, and have like- 
wise jbhe angles contained by those sides equal, they 
are equal in.every respect* . . Q.B.D. - 
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N.B. The words of the enunciation * to which the equal 
sides are opposite' must not be overlooked. They enable us 
to say v/hich of the two remaining angles of each triangle 
form the pair of equal angles. Here A C is given equal to 
D F» Now the angle opposite to A C is A B C, and the 
angle opposite to D F is D E F. Hence the angles ABC 
and D E F, which are opposite the equal sides A C and D F, 
form the one pair of remaining angles which are equal to 
each other. Similarly the angles A C B and D F E, opposite 
to the equal sides A B and D E, form the other pau: of 
remaining angles which are equal to each other. 

Appended Note on the Fourth Proposition of Euclid j 

addressed to Teachers, 

As the writer has departed a good deal from the usual 
phraseology in the fourth proposition, especially in avoiding 
the use of the word ' coincide,' it is right that he should 
state his reasons. 

The fourth proposition will have done its great good to 
the learner's mind,^when he has fully taken in the meaning 
of the eighth axiom, and felt that, in every respect in which 
the triangles have to be proved equal, the reasoning has 
shown that the axiom is fulfilled. 

In order to help a learner to do this, he thinks that every 
obstacle to the right understanding of the axiom, and of 
the reasoning by which its application is shown, should be 
put aside. 

Now the use of the word * coincide ' in the commonly 
received phraseology of the fourth proposition is (according 
to the writer's experience) an obstacle to the learner's 
taking in the meaning of the axiom, and the reasoning by 
which it is applied, which in kindness to him had better be 
removed. 

In the course of tlie demonstration the word coincide is 
used in three different senses, besides its own rigorous, 
technical aensoi as given in the eighth axiom* 
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First, it is used for coincide in position* Secondly, it is 
nsed for coincide in direction. Thirdly, it is used to convey 
the idea of not separating. 

It is not till the foarth time of using the word that it is 
used in Euclid's full, technical sense of exactly filling'— 
occupying wholly — the same space. 

The resnlt of this is, that the minds of learners become 
80 confused that they are as ready to say, at the close of the 
proof, ^are equal and coincide,' as to say 'coincide and are 
equal ; * indeed they very often (almost invariably) leave 
out the word 'coincide' altogether; — by these mistakes 
showing that they have wholly failed to take in the meaning 
of the demonstration. 

Teachers will readily bear witness how often the be- 
wildered pupil (when corrected) replies, ' Bnt to coincide 
means to be equal.' Now, as coincide means no such ^hing, 
the writer has thought it better in this treatise to remove 
this difficulty out of the learner's way by using for the word 
' coincide ' what it really does mean. 

It may be objected that by using, instead of iihe word 
coincide, its synonyme, ' exactly fill the same space,' he 
brings into prominence what is gently disguised by the 
word coincide ; viz., that certain magnitudes (lines and 
angles), are said to fill a space, when from their very nature 
they can fill no space. 

The writer holds this to be as nothing compared with a 
right appreciation of the axiom and its applic(ition. 

It may be true that lines, having length only, and no 
breadth, can fill no space ; yet if it is proved that they begin 
together, that they end together, and continue together 
from beginning to end, then it is shown in an intelligible 
and very real way that the two lines do exactly fill, or 
wholly occupy, the same space asja/t as their nature enables 
them to do 80, 

Again, if it is shown that the two straight lines contain- 
ing one angle^ lie (as far as they go) exactly along the two 
straight lines which contain another angle, then we shov 

D 
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in a very real and intelligible way that the two angles fill 
the same space as Jar as anguLav magnitude can do so. 

Indeed, although the lines containing the angles to be 

proved equal do actaally, in the fourth proposition, coincide 

•according to Euclid's full, technical meaning of the word, 

yet the writer thinks it positively desirable, with the view 

of keeping the learner's ideas clear on this point, to pat out 

of view the technical, Ml coincidence of the containing 

.lines. It is their coincidence in direction (or according to 

our familiar phrase 'as far as they go') that is alone 

. needed, in order to show that the angles contained by them 

exactly fill the same space, in the only way in which the 

magnitudes under consideration (angular magnitudes) can 

•do so. 

80 when we* come to the coincidence and consequent 
equality of the triangles, that is of the enclosed areas, the 
pointed, prominent thought that should be brought before 
the pupil's mind is, not that the straight lines enclosing the 
space do per se fulfil Euclid's full definition of coincidence, 
but that, considered as tlie boundary lines of the enclosed 
spaces to be proved equal, they lie one upon and along ihe 
other ; by this means showing that the enclosed areas (and 
it is on the enclosed areas that the pupil's thoughts should 
'.now be concentrated) fill the same space» 

The question whether pupils will get more readily a trae 
.'insight into the meaning of the fourth proposition by using 
or not. using the word 'coincide' must be left to the ex- 
<penence of teachers, * solvitur docendo,* 

Exercises on the Foubth. Peoposition. 

Supposing that you have now mastered the fourth pro- 

> position, you have next to be told that as you go on through 

Euclid you will very often have to employ this proposition 

- to prove that triangles occurring in subsequent proportions 

^ are equal in every respect. 

Henceforth wherever you can detect that two triangles 
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ocoaTring in any proposition have two sides of the one 
equal to two sides of the other, and have likewise the angles 
contained by those sides equal, yon can say at once : 
' Therefore hy the fourth proposition the two triangles are 
equal in every respect; * for that is what the fourth proposi- 
tion has proved. 

Now the fifth and sixth propositions are nothing but 
exercises on the fourth proposition. You have to prove 
what is atated in the enunciations of those propositions by 
showing that certain triangles occurring in them are equal 
in every respect by the fourth proposition. But they are 
bard exercises. Many much easier exercises occur in 
subsequent propositions. These subsequent propositions, 
however, could not be introduced before the fifth, because 
they depend on the fifth, as you found the third proposition 
to depend on the second. 

And although, on this account, in a regular treatise, 
these subsequent propositions could not be introduced 
before the fifth, there will be no harm in bringing in here 
(in this introduction to Euclid) such propositions or frag- 
ments of them, if you know that the object of giving, them 
to you now is to help you, and to lead you on to harder 
exercises, and that they will afterwards come before you, in 
due course, in their proper places in Euclid. It will, how- 
ever, be necessary, in this case, that, for the present, you 
viake for granted a few things that you will hereafber prove 
in Euolidl Such as these : 

1. That you know how to draw a straight line cutting 
an angle into two equal angles ; or, at leasts that it can be 

'4one. 

2. That a straight line can be drawn perpendicular to a 
given straight line. 

8. That if two straight lines cross each other like the 
legs of a scissors, the angle or opening between the blades 
is always equal to that between the handles (see fig. 28). 

4. That a square may be deacribed on a given straight 

line. 

d2 
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We will now put before you a graduated series of 
exercises on the fourth proposition. . 

Exercise I. (fig. 29). 

Let A B G be a triangle in which the side A B is equal 
to A C, and taking for granted (for the present) that we can 
and have drawn the straight line A D so as to divide the 
whole angle BAG into two equal angles, viz., BAD and 
1) A G [remember, it is the anghf not the triangle^ that you 
are to suppose divided into two equal parts] : — 

It is required to prove that B D is equal to I> C. 

In this and all the subsequent exercises the following 
rules are to be attended to: 

1. Observe the two triangles you are about to compare, 
and find out which of the three sides is to be the base of 
each triangle. In this exercise the two triangles to be 
compared are A B D and A G D ; and there is no doubt here 
which are the bases, for we are told to prove that B D is 
equal to D G ; and the sides to be proved equal are always 
to be taken as the bases. 

2. Having found which is tlie base, then the two sides 
and the angle contained by the two sides are immediately 
known. ^ Befer now to the enunciation, in order to find if 
any statement -is there made which niakes you know that 
one of the i^ides of one of the triangles is equal to one of 
the other. On doing so, you find that the side A Bis 
given equal to A G. It is so slated in the entmciation. 

Write therefore as follows : 

'1. AB is equal to AG, for it was so given or stated i^ 
the enunciation ; or more briefly, " by the hypothesui," or 
simply (hyp.).* 

Then do the same for the second side. IS'.B. Sometimes 
the equality of the sides is to be gathered from the con- 
struction. In this exercise, the second side A D is a side 
of each of the triangles ; in other words, is common to both. 

' See ObBervation 2, on triangles, p. 12. 
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Therefore write next : • 

* 2. A D is common to botli triangles.' 

Next it is desirable, especially at first, in order to fix in 
your mind what the two sides are, to repeat Steps 1 and 2, 
only now taking together the two sides of each triangle. 

Write therefore thns : 

* 3. Wherefore the two sides, B A^ A D of the triangle 
BAD are equal to the two sides A, A D of the triangle 
CAD.' 

Your naming the two sides of each triangle thus, makes 
you see what the angle contained by the two sides — ^in 
6ther words, the included angle — ^is ; for when you have 
named that the two sides are B A, A D, you see that the 
included angle is B A D ; and so in the other triangle when 
you have named that the two sides are C A^ A D, you see 
the included angle is G A D. Look then back to the enun* 
ciation, and see if you are told there that the included angle 
B A D is equal to C A D, You find it is given or supposed 
equal, and you write thus : 

* 4. And the included angle. B A D is equal to the in- 
cluded angle CAD, because it was given that the whole 
angle B A C was divided into two equal parts, or bisected, 
by AD.* 

Having thus shown that in the two triangles ABD 
and A C D two sides of the one are equal to two sides of 
the other, and that the angles contained by those sides are- 
equal, you conclude the exercise thus : 

* 5. Therefore by the fourth proposition the two triangles 
ABD and A C D are equal in every respect ; wherefore 
the base B D is equal to the base CD; which was to be 
proved.' 

If in this exercise^ instead of being told to prove that 
the base B D was equal to D C, you were told to prove 
that A D was at right angles to B C ; the exercise would 
be done exikctly as explained above, as far as the words, 
* Therefore, by the fourth proposition, the two triangles are 
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equal in every respect.' But instead of closing witli the 
words, * Wherefore the base B D is equal to the base D,' 
you would have to close the exercise thus : * Wherefore the 
remaining angles, to which the equal sides are opposite, 
are equal ; that is, the angle A D B is equal to the angle 
ADC;' you would have to add, ' and these are adjacent 
angles; but when' one straight line falling on another 
straight line makes the adjacent angles equal to each other, 
each of them is a right angle (Def. 10). Wherefore AD 
is at right angles to B C, which was to be proved.' 

Observe that although in this form of the exercise you are 
not told which are the bases, there is no difficulty in finding 
them out ; for the bases are always the sides opposite to 
the angles given equal. Here the angles given equal are 
BAD and GAD, therefore B D and D C, the sides opposite 
to them, are the bases. 

The above exercise has been so interspersed with ex- 
planatory remarks that it may be well to write it out^ as it 
might be shown up for an exercise. 

Snunciatiatu 

' It is given that AB C (fig. 29) is an isosceles triangle- 
(see Def. 25), and that the angle B A C is bisected by the 
line AD : — 

It is required to prove that the base B D is equal to the 
base C D. 

CiyMtruction (none). 

Demonisiraiuyiu 

1. A B is equal to A C (hyp.). 

2. A D is common to both triangles. 

3. Wherefore the two sides B A, A D of the triangle 
BAD are equal to the two sides G A, A D of the triangle 
CAD. 

4. And the included angle B A D is equal to the included 
angle GAD (hyp.). 

5. Therefore by the fourth proposition the two triangles 
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BAD and CAD are equal in every, respect ; wherefore the 
base B D is eqnal to the base G D, which was to be 
proved. 

In the following exercises a few hints will be given 5 
and it is advised that, with the help of those hints, the 
learner should try to write out the five steps of the demon- 
stration. The five steps are written out in each case, fully, 
in this book, in order that the learner may see if he is right. 
If in any case he finds the exercise too difficult to be done 
without help, he can refer to the book for assistance ; still 
let him not lose courage, but try to do the next exercise 
without help. 

Exercise IT. (^g. 30). 

Let A B be a straight line, of which C is tho middle 
point. Let it be granted that C E is drawn at right angles 
to A B from the point C. Let D be any point in E G, and 
let A D and B D be joined:-^ 

It is required to prove that A D is equal to B D. 

Hinis. 

1. Here the two triangles to be compared are clearly 
A CD and BCD, and AD, DB are the bases of the 
triangles, for these are the sides to be proved equal. 

2. These being the bases, the two sides of the triangle 
A G D are A G, G D, and the two sides of the triangle BCD 
are B G, C D, and the angles contained by these sides are 
AG D and BOD. 

3. Now of these sides, A G and C B are given equal 
(see enunciation) ; also D is a side of both triangles \ and 
the included angle A G D is equal to the included angld 
B G D (see Ax. 11)* 

With these hints let the learner try to write out the 
five steps of the demonstration without, for the present, 
reading further. When he has written them out, he can 
read on and see if he is right* 
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Demonstrailon, 

1. AC IS equal to B (liyp.)- 

2. C D is common to both triangles, 

3. Therefore the two sides A 0, C D of the triangle A C D 
are equal to tlie two sides B C, C D of the triangle BOD, 
each to each. 

4. And the included angle A C D is equal to the included 
angle BCD, because they are right angles (Ax, 11), 

5. Therefore by the fourth proposition the two triangles 
A C D and BCD are equal in every respect ; wherefore the 
base A D is equal to the base B D, which was to be proved* 

Exercise IIT. (fig. 31), 

Let A B C be a triangle. Let it be granted that E is the 
middle point of A C, join B E, and produce B E to F, 
making E F equal to B E (this can be done by Prop. 3), and 
join F C :— 

It is required to prove that the angle B A E is equal to 
the angle E C F, and that the angles ABE and E F are 
also equal. 

In the demonstration of this exercise yon may take for 
granted that when a pair of scissors are opened, the angle 
between the blades is equal to the angle between the 
handles ; in other words, that when two straight lines as A C 
and B F cross each other or intersect, the vertical or oppo- 
site angles A E B and C E F are equal. This is proved in 
the fifteenth proposition. 

Hints for the Solution of Exercise III* 

We have first to find out -which are the two triangles to 
be compared. Clearly they are the triangles AE B and 
C E F, for the angles to be proved equal are angles of these 
triangles. 

Secondly, we have to find out which of the sides of 
these triangles are in this exercise to be taken as the bases. 

It may be well here to enumierate the different rules 
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wHicli may "be given for discovering the bases, and to 
show that they all point to the same lines. 

Enle I. — ^We know that in tlie fourtli proposition the 
angles to be proved equal are the angles at the base ; that 
is, angles of which the base is one side ; but here the two 
angles E A B and E B A (of each of which B A is a side) 
have to be proved eqnal to the two angles EOF and E F 
(of each of which C F is a side). This rule, therefore, 
points out AB and G F as the bases of the triangles to be 
compared. 

Rnle n. — The bases are the sides opposite to the angles 
which are given equal. In this exercise the angles given 
equal are the vertical and opposite angles A E B and C E F. 
This rule also points to A B and C F, which are the sides 
opposite these angles, as the bases; 

B)ule III. — Of the three sides of one triangle that which 
is not given equal to a side of the other, is the base. lu 
this exercise A E is giv^n equal to E 0, and E F is made 
equal to B E. This rule also points to AB and F (the 
sides not given equal) as the bases. 

Now, knowing which sides are to be taken as the haseSf 
we therefore know which are the two sides in each trianglci 
and which are the included angles. 

"With the above hints, let the learner try to write out 
the five steps of the demonstration, without, as yet, readin^^ 
farther. 

Demonstration, 

1. The side AE is equal to the side E C (hyp.). 

2. The side B E is equal to the side E F (construction). 
[They were made so by Prop. 3.] 

3. Wherefore the two sides A E, E B of the triangle 
AE B are equal to the two sides E, E F of the triangle 
C E F, each to each. 

4. And the included angle A E B is equal to the included 
angle E F, because they are vertical and opposite angles 
[which in this demonstration we are allowed to consider 
equal]. 

d3 



58 INTBODUCTION TO EUCLID* 

5. Therefore by the'fottrili jpropbsition the two triangles' 
AE B and C E F. are equal in every respect. Wherefor© 
the remaining angles to which ths equal sides are opposite 
are eqnal ; viz.^ the angle B A E is eqnal to the angle F G E, 
and the angle A B E to the angle C F E ; which was to ba 
proved* 

EXEECISB IV* (fig. 32). 

In this exercise it is allowed, or assumed, that a square 
TOAj be described ^n a given straight line. The way to do 
this is shown in the forfcy.sixth proposition. 

Emt/nciation. 

A B C is any triangle. It is assumed that on the two. 
sides of it, A B and B C, squares are described ; viz., AED B 
and B F G 0, 

Also DC and A F are joined: — 

It is required to prove that B and F A aire equal. 

- . Hints. 

D C and A F, being the straight lines to be proved- 
equal, are therefore the bases of the triangles to be com-: 
pared. Now the triangles of which D G and A F ai*e bases 
are B B G and A B F. Theise, then, ai^ the triangles to b& 
compared. And as wo know that DG and AF aire the 
bases, we know at once that D B, B G are the two sides 
of the triangle D B G, and that A B, B F are the two sides 
of the triangle A B F« 

We must now examine if these sides and included 
angles are known to be equal. 

1, Is D B equal to A B ? Yes, they are two sides of a 
square (see Def. 30). 

2, Is B G equal to B F ? Yes, for the same reason. 

3, Is the angle DBG equal to the angle A B F ? Thia 
is not evident at first sight, but a little reflection will show 
that it is. For the angle D B A is equal to F B G (see De£ 
30 and Ax. 11) ; and if to each of these equal angles the 
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angle' ABG be added, we know (by Ax. 2) that tbe 
whole angle D B C is equal to the whole angle A B F. 

With these hints, now try to write out the exercise 
without reading further at present. 

Demonstration. 

1. The side A B is equal to the side D B, because they 
are two sides of the same square. 

2. The side B F is equal to the side B C, because they 
are two sides of the same square. 

3. Wherefore the two sides AB, BF of the triangle 
ABF are equal to the two sides DB, B C f the triangle 
DBO. 

4. Also the included angles ABF aud D B C may be 
proved equal, thus : the angle F B C is equal to the angle 
DBA because they are angles of squares, and the angles 
of squares are right angles (Def. 30), and all right angles 
are equal (Ax. 11). 

And if to each of these equal angles the angle A B G be 
^ added, then the whole angle A B F is equal to the whole 
angle D B C, which are the included angles. 

5. Therefore by the fourth proposition the two triangles 
ABF and DBC are equal in every respect. Wherefore 
the base A F is equal to the base D ; which was to be 
proved. 

Exercise V. (fig. 33). 

Describe two circles B D J^ and G E.G from the same 
centre A, but with different radii. From the common 
centre of the two circles draw two radii (as in the figure) 
AC, A E, to the outer circumference, cutting the inner 
circumference in B and D ; join B E, D C : — 

It is required to prove that B E is equal to DC ; also^ 
ihat the angle A B E is equal to A D G, and the angle A G D 

toAEB. 

Himts, 

The two triangles to be compared are A B E and ADC, 
and the bases of the triangles are B E, D G, these being the 
straight, lines to bo proved equal. 
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Hence it follows that tlie two sides are D A, A C in the 
triangle DAC, and B A, AE in the triangle BAB5 also 
that the included angle is the angle at A, which is common 
to both triangles. 

Now, without further hints, try, and for a particular 
reason that you will know by-and-by, try hard to write 
down the five stops of the demonstration without reading 
further, 

Demonstration, 

1. A B is equal to AD, because they are both radii of 
the same circle B D F. 

2. A C is equal to A E, because they are both radii of the 
same circle C E G. 

8. Wherefore the two sides B A, A E of the triangle 
B A E are equal to the two sides D A, A C of the triangle 
DAO. 

4. And the included angle B A E is equal to the included 
DAC, both being one and the same angle [or, in other 
words, the included angle at A is common to both triangles]. 

5, Therefore by the fourth proposition the two tri- * 
angles ABE and ADC are equal in every respect; 
wherefore the base B E is equal to the base D C, and the 
remaining angles, to which the equal sides ajpe opposite, are 
equal ; viz., the angle A D C to the angle ABE, and the 
angle A C D t6 the angle A E B ; which was to be proved. 

Exercise VI. (fig, 84). 

The sixth exercise is to be taken in connection witk 
the fifth, 

The only additional construction is, join B D ; and taking 
{U3 demonstrated all that wa« proved in the fifibh exercise :^- 

It is required to prove that the angle C B D is equal 

to the angle E D B, and that the angle C D B is equal to 

the angle E B D. 

Hints, 

The two triangles to be compared in this exercise are, 
clearly, the triangles C B D and E D B. The next question 
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is, What are tHe bases of these triangles P They may be 
discorered by the following consideration (among others) : 

In Exercise Y, it was demonstrated that the angle AC D 
is equal to the angle A E B, which is the same as saying 
that the angle B C D is equal to the angle DEB; that is, 
in the two triangles to be compared, the angle BCD 
has been demonstrated to be eqnal to D E B. And since 
in any two triangles to be compared by the fourth proposi- 
tion tlie angles which are given, or are known to be, equal 
are opposite to the bases, it follows that B D is the base of 
^ach of the triangles B D and E D B. Wherefore the 
two aides of these triangles are B C, C D of the one, and 
D E, E B of the other. Now, before we can say that by 
the fourth proposition the triangles C B D and E D B are 
equal in every respect, we must show that the two sides B C, 
C D of the one are equal to the D E, E B of the other, each 
to each. Can we do so P 

First. Is B E equal to C D ? It is. These lines were 
proved equal in the fifth exercise ; they are the bases of 
two triangles ADC, ABE, proved equal in every respect 
by the fourth proposition. 

Secondly. Is B C equal to D E p It is ; for the whole 
AC is equal to the whole A E (Def. 15), and A B a part 
of A C is equal to A D a part of AE (Def. 15) ; therefore 
the remainder B C is equal to the remainder D E (Ax. 3). 

With the above hints to guide you, try now to write 

out the five steps of the demonstration before reading 

further, 

Bemonslraiion. 

1. The side D C has been demonstrated to be equal to 
BE (Exercise v.). 

2. The side B C is equal to D E, for the whole A C is 
equal to the whole A E, of which the parts A B and AD* 
are equal ; therefore the remainder B C is equal to the re- 
mainder D E (Ax. 3). 

3. Wherefore the two sides B C, C D of the triangle 
B C D are equal to the two sides D E, E B of the triangle 
DEB, 
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4. And the included angle BOD has been demonstrated' 
to be equal to the included angle DEB (Exercise Y.). 

5. Therefore by the fourth proposition the two tri- 
angles C B D and E D B are equal in every respect ; where- 
fore the remaining angles, to which the equal sides are 
opposite, are equal ; viz., the angle G B D to E D 6, and the 
angle B D C to D B E ; which was to be proved. 

J) eduction from Exercises V. and FT. 

This deduction is not an exercise on the fourth propo-. 
sition. It is introduced here for a special reason, which 
yon will know afterwards. 

Enunciation. 

It is required to deduce — from the fifth and sixth 
exercises — that the angle ABD is equal to the angle 
ADB (fig. 34), 

Hints. 

The hints for this deduction are given in the form of 
five suggestive questions. The answers are put in a foot* 
note, and let the learner try to make out the answer himself 
first, before he looks at the note below. 

1. In the fifth exercise, what angle was proved equal 
toABE? 

2. And in the sixth exercise, what angle was proved 
equal to D B E ? 

3. Now, if from the angle ABE the angle D B E be 
taken, what angle remains ? 

4. And if from the angle ADO the angle B D C be> 
taken, what angle remains ? 

5. And if equals be taken from equals, what do we 
know about the remainders ? * 

Here follows the demonstration in due form. Try to 
write it out before reading further. 

> Ant. 1. The angle ADC. Jns, 2. The angle B D 0. Ans. 3. The 
angle ABD. Ana, 4. The angle ADB. Ana, 5. That they are equal. 
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Demonstration, 

1. The whole angle ABE has been demonstrated to be 
equal to A D (Exercise V.). 

2. And the angles DBE and BDC, parts of these 
haYe also been demonstrated. to be equal (Exercise VI.). 

3. Therefore the remaining angle A B D is eqnal ta 
the remaining angle A D B (Ax. 3). Q.B.D. 

Last Exercise (fig. 35). 

Before bringing these exercises to a close, one more is 
introduced to test the learner's knowledge of the fourth 
proposition, and his power rightly to apply it. The more, 
80 as there is a story connected with it. 

The exercise is as follows : 

Enunciation, 

Let B C D be a circle of which A is the centre, and 
let B C be a straight line not passing through the centre, 
and let it be granted that A E is drawn perpendicular to 
BO:— 

It is required to proYO that B G is bisected in E. 

Oonstruciioti, 
Join A Band AC. 

Now, this exercise is really the third proposition of the' 
third book of Euclid. And the story connected with it is 
Hub, that the question was set in an examination for aYcry 
distinguished honour at Cambridge. The candidates were 
selected men, yet all of them but two attempted to proYO it 
by ah incorrect application of the fourth proposition. 

The attempted solution of those candidates who did the' 
proposition wrong is here put down ; and the learner is 
strongly adYised to try without help to find out their mistake, 
and why it is a mistake. 

The incorrect solution is aa follows : 

1. The side AB is equal to the side A C because they 
are radii of the same circle. 
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2. The side A E is common to the two triangles 6 A E 
and ACE. 

3. Wherefore the two sides B A, A E of the triangle 
B A E are equal to the two sides C A, A E of the triangle 
CAE, 

4. And the angle B E A is eqnal to the angle E A, 
becanse they are right angles (Def. 10). 

6. Therefore, by the Fourth Proposition, the two tri- 
angles ABE and CAB are eqnal in every respect. 
Wherefore B E is equal to E C. Q.B.D. 

The learner will do well not to read the following ex- 
planation of the mistake till he has first tried to find it out 
himself. 

The error is this, that the angles B E A and C E A are 
not the angles contained by the sides of the triangles which 
are equal, each to each. The Fourth Proposition proves 
that two triangles are equal in every respect, if two sides 
of the one are equal to two sides of the other, each to each, 
and likewise the angles contained by those sides are equal. 

ITow, the sides (see the paragraph marked 8 of the 
above incorrect solution) are BA, AE of the triangle 
B A E, and C A, A E of the triangle CAE, and the angles 
contained by these sides are B A E and G A E respectively ; 
and these angles are not given equal (the angles given 
^qual are A E B and A E C), and therefore the triangles 
cannot be proved equal by the Fourth Proposition. In 
fact, the equality of B E and G E has to be proved by a sub* 
sequent Proposition, namely, the Twenty-sixth, 

This concludes the exercises on the Fourth Proposition ; 
and we now pass on to the Fifth, a proposition which bears a 
name which makes it dreaded by beginners. Those, however, 
who have come thus far through this treatise need not 
fear it, for the simple reason that they have already done 
it. The foregoing Fifth and Sixth Exercises, with the 
appended deduction from them, is really the Fifth Proposi- 
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tion in a sliglitly disguised forzn, as, doubtless, some learners 
have already surmised. 

On the Fifth Proposition. 

The enunciation of the Fifth Proposition may be pub 
thus : 

It is given that the two sides of a triangle are equal, in 
other words, that the triangle is isosceles : — 

It is required to prove that the angles at the base are 
equal. 

And if the two equal sides of the isosceles triangle be 
produced :— 

It is required to prove that the angles on the other 
side of the base are equal. 

Particular Bnunmation (fig. 36). 

Let A B C be an isosceles triangle, having the side A B 
equal to the side A C : — 

It is required to prove that the angle A B G is equal to 
the angle A C B. 

AJso, if the equal sides A B, A C be produced to any 
length beyond B and G, say to the points D and E : — 

It is required to prove that the angle D B G is equal 
to the angle E G B. 

In order to prove this proposition, Euclid makes a 
couple of triangles, which he will be able to compare and 
prove equal in every respect by the Fourth Proposition, in 
the following manner. In B D he takes any point F, and 
from A E, the greater, he cuts off, by the Third Proposition, 
a part A G equal to A F, and he joins F G and B G-. 

Now, if the learner turns back to Exercise V. (fig. 33), 
he will recognise in the two triangles A D G and A B E a 
pair of triangles exactly corresponding to the two triangles 
A B G and A G F (fig. 36). 

And these triangles can be proved equal in every re- 
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spect, as tlie two triangles ABE and A D G were proved 
equal in Exercise V. 

This is the first part of Prop. V. 

Next, he proves the triangles B C F and C B G equal in 
every respect by the Fourth Proposition, in tiie same 
manner as the triangles D B and E B C were proved equal 
in Exercise VI. 

This is the second part of Prop.' V. 

Lastly, he deduces that the angle A B C is equal to the 
angle A C B, as was done in the deduction appended to the 
Fifth and Sixth Exercises. 

This is the third part of Prop. V. 

It will be a great assistance to the learner to notice 
particularly that the Fifth Proposition falls naturally into 
three parts, corresponding, respectively, to Exercise V, and 
YI., and to the deduction appended to those exercises. 

And now, with these hints, and references to these fore- 
going exercises, the learner is recommended boldly to try 
to write out the Fifth Proposition without professedly 
leamiug it. Let him carefully study Exercises Y. and 
YI., and the appended deduction ; also the hints given 
above ; and then write out, if he can, the Fifth Proposition 
as an exercise on the Fourth. 

It is almost too much to hope that he will succeed in 
the endeavour, but it is worth trying, and if he succeeds 
it will be a great success. However, let him not be 
discouraged if he fails in his attempt to write out the 
demonstration without professedly learning the proposition. 

If he fails to attain this ' great success,' let him read 
carefully what follows, viz., the proposition written out in 
due form. If after doing so he finds that he is able to 
write out the demonstration, even this will be a very satis^ 
factory amount of success, for many and many a poor fellow 
has spent weeks, if not months, over this proposition, and at 
the end of the time his mind has been in a state of utter 
confusion and bewilderment about it. 



the fifth proposition written out. 67 

Peoposition ¥• Theorem. 
General Enunciation. 

If a triangle is isosceles : — 

It is required to prove that the angles at 
the base are equal. 

And if the equal sides be produced :— 

It is required to prove that the angles on 
the other side of the base are equal. 

Particular Enunciation (fig. 36). 

Let ABC be an isosceles triangle, having the 
side A B equal to A C : — 

It is required to prove that the angle A B C is 
equal to the angle A C B. 

And if the equal sides A B and A C be produced 
to D and E :— 

It is required to prove that the angle D B C is 
equal to the angle E C B. 

€on8truction. 

The sides A B and A C being produced to D and 
E, in BD take any point, F, and from AB the 
greater cut off a part A G equal to A E the less, and 
join EC, BG. 

Demonstration. 

PABT I. 

First, in the two triangles A B G and A C P : 

We have t 

LAG equal to A F (construction). 

2. A B equal to A C (hypothesis). 

3. Wherefore the two sides FA, AC of the 
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triangle F A C are equal to the two sides G A, A B 
of the triangle G A B^ each to each, 

4. And the included angle at A is common to the 
two triangles F A C and BAG. 

6. Therefore, by Prop. IV., the two triangles P A C 
and BAG are equal in every respect. Wherefore 
the base BG is equal to the base FO, and the 
remaining angles, to which the equal sides are 
opposite, are equal, viz. the angle A B G to the angle 
AC F, and the angle AFC to the angle A GB. 

PABT II. 

Secondly, in the two triangles F B and G C B : 
We have : 

1. The side F C equal to the side B G. It has 
been proved so above. 

2. The side F B is equal to the side G C, as may 
thus be shown : 

The whole A F is equal to the whole A G (cons.), 
parts of which, namely, A B and A C, are also equal 

Therefore the remainders F B and G C are equal 

(Ax. 3). 

3. Wherefore the two sides CF, FB of the 

triangle F C B are equal to the two sides B G, G C of 
the tria.ngle G B C, each to each. 

4. And the included angle B F C has been proved 
to be equal to the included angle C G B. 

5. Therefore, by Prop. IV., the two triangles PC B 
and G B C are equal in every respect. Wherefore 
the remaining angles, to which the equal sides are 
opposite, are equal, viz. the angle F B C to the angle 
GCB, and the angle BCF to the angle CBG. 
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PART III. 

!• Now the whole angle A B G was proved, in 
Part L, to be equal to the whole angle A C F. 

2. Parts of which, viz. the angle C B G, and the 
angle B C P, were proved equal, in Part II. 

8. Therefore the remaining angle A B C is equal 
to the remaining angle ACB (Ax., 3). And these 
are :the' angles at the base of the isosceles triangle. 

4. Also the angle P B C has been shown (Part 11.) 
to be equal to the angle G C B. And these are the 
angles on the other side of the base. 

Wherefore, if a triangle is isosceles, the angles at 
the base are equal ; and if the equal sides be produced, 
the angles on the other side of the base are also 
equal. Q.E.D* 

From the above propositioii may easily be deduced 
the Gorollarj ^ that every eqmlateral triangle is also equi* 
angular. 

Let ABO (^g, 37) be an equilateral triangle : — 
It is required to prove that it is equiangular. 

Demonstration* 

1. Any two of its sides (as A B and A 0) are equal ; 
therefore, by Prop. V. the angle A B G is equal to the angle 
AOB. 

2. Also, any other two of its sides (as A B and B 0) are 
equal ; therefore, by Prop. V., the angle B A C is equal to 
the angle B G A. 

3. Also the two other ades, A C, G B, are equal ; there* 

< Whaterer may be obyiously gathered or deduced from a proposi* 
tion is caUed a * corcilary * to it. CoroUarium meant originally a garland 
or wreath of thin metal given as a reward. Perhaps the idea of 
a wreath or garland, hanging from its support, caused the word to be 
used later, by philosophical writers to express a deduction, an inference* 



70 INTKODUCTION TO EUCLID. 

fore, again bj Prop. V., the angles CAB and C B A are 
eqnal. 

Therefore all the angles are eqnal. Q.E.D. 

[Of course, having proved that any two angles of 
the equilateral triangle are, each of them, eqnal to the third 
angle, as done in 1 and 2, it might be inferred by Axiom 1 
that they are eqnal to one another.] 

On the Sixth Proposition^ 

The general enunciation of the Sixth Proposition is as 
follows : 

Given that two angles of a triangle are equal to each 
other :— 

It is required to prove that the sides also which sub- 
tend or are opposite to the equal angles, shall be equal 
to one another. 

Particula/r Enunciation^ 

Let ABC (fig. 38) be a triangle having the angle 
ABC equal to the angle A C B : 

It is required to prove that the side AB (opposite 
to the angle A C B) is equal to the side A C (opposite the 
angle ABC). 

This proposition is what is called a converse proposition. 
Ifc is the converse of the Fifth. By writing out the enuncia- 
tions of the two propositions, the Fifth and Sixth, in juxta- 
position, you will seethe meaning of the word ' converse.' 

In the Fifth Proposition it is said : 

If the side A B is equal to the side A C : The angle 
A B is equal to the angle A C B. 

In the Sixth Proposition it is said : 

tf the angle ABC is equal to the angle ACB; The 
side A B is equal to the side A C. 

What is given in the Fifth has to be proved in the Sixth, 
and what is given in the Sixth has to be proved in the Fifth 
—in other words, the premises (what is given) and tlie con- 
clusion (what has to be proved) change places. 



EUCLID^S METHOD OF PROVING PROP. VI. 71 

Now very few converse propositions admit of a direofc 
proof, Euclid cannot prove directly that, if the angle ABC 
is equal to the angle A C B, the side A C is equal to the 
side A B. But he can and does prove that it is false to say 
that A C and A B are unequal ; and hence he infers that 
they are equal. 

To appreciate this method of proof, let us consider 
Euclid as forcings conviction on an antagonist who denies 
y^hat Euclid contends is true. . 

Imagine this antagonist to say : ^ I deny that A B is 
equal to A C* 

Euclid replies : * If it is as you say — i.e., if AB is not 
equal to A C — one of them must be greater than the other.' 

The opponent is obliged to admit this, 

' Well, then,' says Euclid, * suppose it is A B that is the 
greater, then we can, by Prop. III., cut off from AB the 
greater a part equal to A C the less.' 

The opponent must admit this also. 

* Suppose it done/ says Euclid, ' that is, suppose B D 
to be cut off from B A, — which you say is the greater, — 
equal to A G the less*' 

' Granted,' says the opponent. 
, * Then,' adds Euclid, * we will join D.' 
The opponent must allow him to do so : it is the first 
- postulate. 

* Now then,* says Euclid, * I have before me two triangles 
A C B and DBG, the bases of which are AB and D G 
respectively ; and these triangles I can prove equal in every 
respect by the Fourth Proposition, as follows : 

1. The side D B of the triangle DBG has been cut off 
from AB [which the antagonist said was the greater] so as 
to be equal to the side A G of the triangle AG B. 

2. The side B G is common, to both triangles. 

3. Wherefore the two sides D B, B G of the triangle 
D B C are equal to the two sides AG, G B, of the triangle 
AGB. 

4 And the angle DBG, contained by the two sides D B, 
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B C, is ^2^ tJie hypothesis, equal to the angle A B contaiiied 
by the two sides A C, C B^ 

5, Therefore, by Prop. IV., the two triangles ABC 
and D B C are equal in every respect, and therefore in 
respect of area. That is, the space enclosed by the three 
straight lines D B, B C, C D, is equal to the space enclosed 
by the three straight lines A B, B C, C A* But this first 
space is only a part of the second, and a whole is greater 
than a part (Axiom 9) ; therefore the conclusion that they 
are equal is absurd.' 

[It is to be hoped that no one who has followed Euclid's 
reasoning so far will here be disposed to make the common, 
but weak observation, What is the nse of proving what is 
absurd ? but will rather see that Euclid has now completely 
^ shnt up ' his opponent. The opponent had said A B and 
A C are unequal. Euclid answers, For the sake of argu- 
ment, suppose it to be as you say, and see what comes of 
it. And what does come of it ? Why this, that if what 
the opponent asserts is true, a part can be proved equal to 
a whole. But a part cannot equal a whol«, therefore what 
the opponent asserts, viz., that A B, A G are unequal} is 
false,^ and all that Euclid has to add, is :] 

* Therefore A B is not unequal to A C^ that is, it is equal 
to it» Which was to be proved,* 

Perhaps some learners will be able, with the above ex* 
planation, to write out the proposition, as is dbne below, 
without reading further for the present. 

Proposition YL Theokek* 

Omwal EnMndation. 

It is giyen that two angles of a cnangle are 
equal to eaoli other : — 

> An absurd conelusion must result, either from the hypothesis (the 
foundation of the reasoning) being false, or from a flaw in the reasoning 
itself. It is hoped that the pupil's knowledge of the Fourth Proposition, 
and his power of rightly applying it, is now so confirmed that he will 
^ihout hesitation decide :— < It is the hypothesis that is false. 
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It is required to prove that the sides also 
which subtend, or are opposite to, the equal 
angles are also equal. 

Particular Enunciation^ 

Let ABC (fig. 38) be a triangle having the 
angle ABC equal to the angle A G B : — 

It is required to prove that the side A C shall be 
equal to the side A B, 

Go^istru^tion. 

If A B be not equal to A C, 
, One of them must be greater than the other. 
Suppose A B to be the greater. 
Then from it cut oflF a part B D equal to A C the 
less (Prop. 3). 
And join D C. 

Demonstration, 

Then in the triangles D B C and A C B we have : 

1. DB equal to AC (they were made so on the 
assumption that A B and A C were unequal). 

2. B C is common to both triangles. 

3. Wherefore the two sides AC, CB of the 
triangle A C B, are equal to the two sides D B, B C 
of the triangle D B C. 

4. And the included angle D B C is by the hypo- 
thesis equal to the included angle A C B. 

5. Therefore, by Prop. IV., the two triangles 
D B C and A C B are equal in every respect, and 
therefore in respect of area ; that is, the enclosed 
space DBC is equal to the enclosed space A CB, 
But D B C is only a part of A B C, and therefore 
cannot be equal to it (Ax. 9). 
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Therefore A C is not unequal to A B^ that is, it is 
equal to it. 

Wherefore, if two angles of a triangle be equal to 
one another, the sides also which are opposite to the 
equal angles are equal. Q.E.D. 

Corollary. Hence it may be deduced that every eqai« 
angular triangle is also equilateral. 

The truth of this corollary is deduced from the Sixth 
Proposition precisely as the former corollary (the converse 
of this) was deduced from the Fifth Proposition. 

On the Seventh and Eighth Propositions. 

These two propositions must be taken together. The 
eighth is as follows : If two triangles have two sides of the 
one equal to two sides of the other, each to each, and have 
hkewise their bases equal ; then also must the angle con- 
tained by the two sides of the one be equal to the angle 
contained by the two sides equal to them of the other. It 
will be seen by this enunciation that the Eighth Proposition 
is the converse of the Fourth. And, Hke the Fourth, it is a 
very important proposition. The Seventh is only a sub- 
sidiary proposition, introduced in order to prove the Eighth. 
The proof which Euclid gives of the Eighth is akin to that 
which he gave of the Fourth. 

He proved in the Fourth that the bases were equal by 
showing that, if one ti*ianglo were applied to the other, as 
directed, the bases would fill the same space ; so, in the 
-Eighth, his object is to show that if one triangle be applied 
to the other, as ho directs, that the included angles will fill 
the same space. 

But this ho cannot do without the help of the Seventh 
Proposition. 

Now this proposition, it must be confessed, is one which 
commonly gives very much trouble to learners, so much so 
that it is often given up, and another proof of the Eighth 
Proposition is substituted instead of Euclid- s«. 
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Bat as the main difficulty of the Seventh !t^roposition is 
a piece of geometrical reasoning which occurs in many 
propositions, and must be got over sooner or later, it may 
be as well to do so at once. 

The following very homely illustration may serve to 
explain and simplify the argument, which in its purely 
geometrical form often perplexes. 

There is a family of four brothers (see fig. 39) ; the two 
middle ones are twins, the counterparts of each other, both 
being of exactly equal height. We will call the twins 
No. One and No. Two. There is an elder brother who is 
known to be taller than twin No. One, and there is a 
younger brother who is known to be shorter than twiu 
No. Two. Euclid wants to prove that the elder brother 
is taller than the younger brother. He does it in this 
way : 

"We know, he says, that twin No. Two is taller than the 
younger brother. 

But twin No. One is equal to twin No. Two. 

Therefore twin No. One is taller than the younger 
brother. 

But the elder brother is taller than twin No. One. 

Much more, he concludes, the elder brother is taller 
than the younger. 

Now this, doubtless, seems very simple. The learner is 
recommended to fix this illustration in his mind, and, when 
he comes to the Seventh Proposition, to note which angles 
represent the twins, and which the elder, and which the 
younger brother. 

The enunciation of the Seventh Proposition is as follows : 

Upon the same base and on the same side of it there 
cannot be two triangles which have their sides which are 
terminated in one extremity of the base equal to one another, 
and likewise those which are terminated in the other ex- 
tremity. In other words : If upon the same base and on 
the ^me side of it there be two triangles, and it be given 
that the two sides terminated in one extremity of. the base 

B 2 
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are equal, it is required to prove that the sides terminated 
in the other extremity cannot be equaL 

Particular Enunciation. 

Let ABC and A B D be two triangles (Gg. 40), 
standing on the same base A B, and on the same side of it, 
and let it be given that A G is equal to A D : — 

It is required to prove that the £ide B G cannot be equal 
to the side B D. 

It is clear that the triangles in question must assume 
one of three different positions. 

Either, as in fig. (40 (d), the vertex D of one of the 
triangles may bo outside the other triangle. 

Or, as in fig. (40(,)), the vertex D may be within the 
other triangle. 

Or, as in fig. (40(3)), the vertex D may be on the side 
of the other triangle. 

Wo will take each case separately. 

Case 1. 

In which the vertex D of the triangle A B D falls out- 
side of the triangle A G B. 

Construction. 
Join C D. 

Demonstration. 

1. Then, because A C is equal to AD (hyp.), we know 
by the Fifth Proposition, that the angle A C D is equal to 
the angle ADC. From hence Euclid will be able to prove 
that the angle B D C is greater than the angle BCD. 

Beferiing to the illustration above given, the angles 
ADC and A C D represent, respectively, the two twins ; 
ADC being twin No. One, and A C D twin No. Two. The 
younger brother is B C D, for A C D (twin No. Two) is 
known by Ax. 9 to be greater than BCD (the younger 
brother) ; also B D C is the elder brother, for B D C is 
known by the same axiom to be greater than ADO (twin 
No. One); 
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Now, ibe reasoning given above in reference to the 
brothers may thus be written ont in reference to the angles 
which stand for them. 

1. The angle A C D [twin No. Two] is equal to the angle 
ADC [twin No. One]. 

2. But the angle A C D [twin No. Two] is greater than 
the angle BCD [the younger brother]. 

3. Therefore also the angle ADC [twin No. One] is 
greater than the angle BCD [the younger brother]. 

4. But the angle B D C [the elder brother] is greater 
than the angle ADC [twin No, One], 

5. Much more then the angle B D C [the elder brother] 
is greater than the angle BCD [the younger brother]. 

Euclid thus proves that if A C is equal to A D, tho 
angle B D C must be greater than the angle BCD. Ho 
then carries on the reasoning thus : 

Jjf B D were equal to B C, it would follow from Prop . 
y . that tho angle B D C must be equal to B C D. 

Now angles cannot be unequal and equal at the same 
time. 

Therefore, if A C be equal to A D, B C cannot be equal 
toBD. 

That is, we have proved in Case 1 that on the same 
base A B, and on the same side of it, there cannot be two 
triangles which have the two sides A G and A D ending in 
the extremity A equal to each other, and at the same tvrne 
the sides B and B D, ending in the other extremity, equal 
to each other. 

Case 2. 

We have now to consider Case 2, in which the vertex D 
of the triangle A D B falls within the triangle A C B (fig. 
40 (,)). 

Construction. 

In this case, besides joining the points C and D, pro- 
duce the sides AC and A D to E and F. 
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Bemonstration, 

Here also the angle E G D is equal to the angle F D C 
by the Fifth Proposition, for they are the angles on the 
other side of the base of the isosceles triangle A C D. 

These eqnal angles then are the twins : F D C is twin 
No. One, and B D twin No. Two. Also B D C is the elder 
brother, for B D C is known (Ax. 9) to be greater than 
F D C (twin No. One). And B G D is the younger brother, 
for, by the same axiom, B D is known to be less than 
BCD (twin No. Two). 

The learner is earnestly advised here to close the book, 
and, with the fig. 40(,), before him (keeping in mind, if 
necessary, the illustration of the four brothers), to write 
out the five steps of the reasoning by which Bnclid proves 
that the angle B D C is greater than the angle BCD. 

As an encouragement, he may be told that many be- 
ginners, after spending days and even weeks over this 
proposition, have entreated that they might be excused 
learning the second part, and have begged that it ' might 
be the first case that should be set in the examination.' 

Here follow the five steps, above alluded to, of Euclid's 
reasoning, to prove,' in the second case, that the angle 
B D C is greater than the angle BCD. 

1. The angle BCD is equal to the angle FDO 
(Prop. 5). 

2. But the angle B C D is greater than the angle BCD 
(Ax. 9). 

3. Therefore also the angle F D C is greater than the 
angle BCD. 

4. But the angle B D C is greater than the angle F D G 
(Ax. 9). 

5. Much more, then, is the angle B D C greater than 
the angle BCD. 

From this Buclid proceeds to reason exactly as in Case 
1. If B D were equal to B C, the angle B D C would he 
equal to the angle BCD. 
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But, on tho supposition that A G is equal to A D, it bas 
been proved that the angle B D G is greater than the angle 
BGD. 

And angles cannot be equal and unequal at the same 
time. 

Therefore, if A G is equal to A D, B D cannot be equal 
to B G. 

That is, vre have proved in Gase 2, as wo did in Gase 1, 
that on the same base, &c. 

Gase 3. 

The third case, where the vertex D falls on the side of 
the triangle A C B, Euclid says needs no demonstration. 
It may be easily seen (fig 40(s)) that B G cannot be equal 
to B D, because a whole is greater than a part. 

So that it it evident in Gase 3, also, as well as in 
Gases 1 and 2, that on the same base, &c. 

We have thus proved that, in no casBy can two distinct, 
separate triangles stand on the same base, and on the same 
side of it, which have the two sides ending in one extremity 
of the base equd to each other, and likewise the two sides 
ending in the other extremity of the base. Q.E.D. 

The use which Euclid makes of this proposition in 
order to prove the Eighth, will bo shown by and by. In 
the meantime it will be well here to write out the Seventh 
Proposition in its purely geometrical form, without any 
reference to the four brothers. 

Peoposition VII. Theoeem. 

Oeneral EnimdaHon. 

On the same base^ and on tbe same side of it, 
there cannot be two triangles which have the 
two sides terminated in one extremity of the 
base equal to each other, and likewise the two 
sides terminated in the other extremity. 
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PaHiadar Enunciaium, 

On ibe same base AB (see fig. 40), and on the 
same side of it^ there cannot be two triangles 
which haye the two sides AC and AD, termi* 
nated in the extremity A^ equal to each other, 
and likewise the two sides BC and BD terminated in 
the extremity B. 

Firsty taking the case in which the vertex of each 
of the triangles AC B, ADB is without the other 
triangle (fig, 41a)). 

Cansirudion. 

Join the two vertices C and D. 

Demanstraii(m. 

1. On the supposition that AC is equal to ADj 
the angle ACD is equal to the angle ADC (Prop. 5). 

2. But the angle A C D is greater than the angle 
BCD (Ax. 9). 

3. Therefore also the angle AD C is greater than 
the angle BCD. 

4. Much more is the angle BDC greater than 
the angle BCD. 

5. On the other hand, on the supposition that 
B C is equal to B D, the angle BDC would be equal 
to the angle BCD (Prop. 5). 

While on the supposition that AC is equal to 
A D, these angles are shown above to be unequaL 

Therefore A C cannot be equal to A D, and like- 
wise B C equal to B D, if the vertex of one of the 
triangles faU loithaut the other. 

Secondly, taking the case in which the vertex D, 
of one of the triangles ADB, is within the other 
triangle A C B (fig. 41(f)) 
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Construction. 

Besides joining the vertices C, D (fig. 40(j)), pro- 
dace the two sides A C and A D to E and F* 

Demonstration, 

On the supposition that A is equal to A D, 

The angle ECD is equal to the angle FDC 
(Prop. 5). 

But the angle ECD is greater than the angle 
BCD (Ax. 9). 

Therefore also the angle F D C is greater than 
the angle BCD. 

Much more is the angle B D C greater than the 
angle BCD. 

On the other hand, on the supposition that B C 
is equal to B D, the angle B D C would be equal to 
the angle BCD (Prop. 5). 

While on the supposition that A C is equal to 
A D, these angles are shown above to be unequal. 

Therefore AC cannot be equal to AD, and likewise 
B C equal to B D, in the case in which the vertex of 
one of the triangles is within the other. 

Thirdly, taking the case in which the vertex D 
of one of the triangles A D B is on the side of the 
other triangle A C B (fig. 40(b)). 

This case needs no demonstration, for it is evident 
from Ax* 9 that B C cannot be equal to B D. 

Therefore in no case on the same base and on 
the same side of it can there be two triangles which 
have the two sides terminated in one extremity of 
the base equal to each other, and likewise the two 
sides terminated in the other extremity. Q.E.D. 

b8 
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We now proceed to apply the Seventh Proposition to 
prove the Eighth, the enunciation of which, thongh abeady 
given, may be here repeated. 

It being given that two triangles have the two sides of 
the one eqnal to the two sides of the other, each to each, 
and have likewise their bases eqnal : — ^It is required to 
prove that the angle which is contained by the two sides 
of one of the triangles is equal to the angle whicb is con- 
tained by the two sides equal to them of the other tri- 
angle. 

Let A B C and D E F (fig. 41a)) be two triangles which 
have the two sides B A, A G of the one equal to the two 
sides E D, D F of the other, each to each, viz., B A to E D, 
and A C to D F, and let them likewise have the base B O 
equal to the base E F: — 

It is required to prove that the angle B A G is equal to 
the angle E D F. 

This is done as follows : 

Gonoeive, Euclid says, the triangle A B to be placed 
on the triangle D E F [not here, as in the Fourth, so that A 
rests on D, but] so that B rests on E, and the base B G lies 
along E F. Then the point G shall come on the point F, 
because B G is equal to E F. 

Thus the two triangles ABC and D E F are now stand- 
ing on one and the same base, which 'may be called either 
B G or E F, as these two straight lines now form one and 
the same straight line. Observe in the figure the first 
triangle A B G has a few strokes drawn across it, and the 
doul&le letters B, E and G, F are placed at the extre- 
mities of the base ; this is done to remind the learner that 
the triangle AB G is no longer to be considered as lying 
in its original position. Its base B G is now to be con- 
ceived as applied to and lying along the base E F, so 
that the two bases form the common base of both the. 
triangles. 

Also the learner is to keep in mind that the two sides 
B A and E D, which both terminate in one extremity of the 
^^i»e, are equal to each other, and that the sides G A and 
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P D, which both terminate in the other extremity of the 
base, are also equal to each other. 

And this being so, the question is, where will the two 
sides B A, A C fall ?— will they fall exactly on E D, D P, or 
will they not? The first impression of every one would, 
dQubtless, be that BA, AGwovHd fall on ED, DP, and 
Euclid proves by the Seventh Proposition that such an im- 
pression would be correct. 

He says: If BA, AC do wo< fall on E D, D F, they must 
He in some other direction, as, for instance, in the direction 
B A, A C, indicated in the figure 41(i). And if they do so, 
then we shaU have upon the same base, and on the same 
side of it, two separate triangles having the two sides B A 
and E D terminating in one extremity of the base equal to 
each other, and likewise the two sides G A and P D ter- 
minating in the other extremity of this base equal to each 
other. But this was proved to be impossible in the Seventh 
Proposition. 

So that B A, A D cannot lie in the direction indicated 
in the figure. That is, they can lie nowhere but on E D,- 
J)^. And thia being so, the space filled by the angle 
ED P, and that filled by B A C, is the same space ; and as 
the two angles fill the same space, they are equal (Ax. 8). 

[In fact, BA, AC, lying on ED, DP, if the Httle 
curved rim spoken of (p. 6) to indicate the angle B A C, 
and E D P, were drawn, it would have to be drawn through 
exactly the same space.] 

This, then, is the nature of Euclid's proof, and the way 
in which he uses the Seventh Proposition to prove the 
Eighth. It only remains now to write out the Eighth 
Proposition formally, without explanatory remarks. 

Peoposition Vni. Theoeem, 
Oemeral Enunciation. 

It being given that two triangles have two sides 
of the one equal to two sides of the other^ each to 
each, and have likewise their bases equal ; — -^ 
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It is required to prove tliat the angle contained 
by the two sides of the one is eqaal to the angle 
contained by the two sides equal to them of the 
other. 

Particular En/unciation. 

Let ABC and D E T be two triangles (fig. 41(«)), 
which have the two sides B A, A C of the one equal 
to the two sides E D, D F of the other, each to each, 
viz. B A to E D, and AC to DF; and have likewise 
the base B C equal to the base E F : — 

It is required to prove that the included angle 
B A C is equal to the included angle E D F. 

DemonstraUon. 

Let the triangle A B C be applied to the triangle 
D E F, so that the point B may be on E, and the 
base B C on E F. 

Then shall the point C come on the point F, 
because B C is equal to E F. 

And the two triangles ABC and DEF will 
stand upon the same base E F, and on the same side 
of it. 

This being the case, the two sides B A, A C must 
lie along the two sides E D, D F, for if not they will 
have a different situation as E 6, 6 F. 

And then, on the same base and on the same 
side of it, there will be two triangles which have the 
two sides terminated in one extremity of the base 
equal to each other, and likewise the two sides termi- 
nated in the other extremity, which is impossible 
(Prop. 7). 

Therefore the two sides B A, A C cannot but lie 
on the two sides |i D, D F, and therefore the angles 
B A C and E D F fill the same space. 
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And therefore they are equal (Ax. 8). 
Wherefore, if two triangles, &c. Q.B,D. 

Euclid might have proceeded to show that the two re- 
maining angles are also equal, as well as the included 
areas, for he has here shown, as completely as he did in the 
Fourth Proposition, that the two remaining angles and the 
included areas fill the same space. . He does not, however, 
proceed any further, nor is it necessary, for when he has 
proved that the included angles are equal, he has before him 
two triangles which have two sides of the one equal to two 
sides of the other, and likewise the included angles equal : 
therefore, by the Fourth Proposition, the two triangles are 
equal in every respect. • 

Allusion was made (page 74) to a proof of the Eighth 
Proposition, independent of the Seventh, which is given in 
many schools instead of Euclid's proof. This proof is as 
follows. It is an easy deduction from the Fifth Propo- 
sition. 

As in Euclid's proof, the triangle A B G is applied to 
the triangle D E F, so that the point B lies on the point 
E, and the base B C on the base E F, and, it is said, the 
point will come on the point F, because the bases are 
equal. So far as in Euclid. But then, instead of the two 
triangles lying on the same side of the common base, the 
triangle A B C is supposed to lie on the opposite side of the 
base, in the position EOF (fig. 42). 

Construction. 
Join D Q. 

And first, let the line DG intersect the base EF 

(fig. 42(1)). 

Demonstration. 

We have E G equal to E D (hyp.). 
And therefore the angle E G D equal to the angle 
B D G (Prop. 5). 

Also F D is equal to F G (hyp.). 
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And therefore the angle FD G is equal to the angle 
PGD(Prop. 5). 

Therefore the whole angle B D F is equal to the whole 
angle B G F (Ax. 2), that is, to the angle BAG. Q.E.D. 

In the case in which the line D G joining the Tertices of 
the triangles intersects the base produced (as in fig. 42(i).) 

It may be proved, as in Case 1, that the angle B D G 
is equal to the angle B G D, and that the angle F D G is 
equal to the angle F G D. 

And therefore the remaining angle B D F is equal to. 
the remaining angle B G F (Ax. 3), that is, to the angle 
BAG. Q.E.D. 

If the straight line D G joining the vertices of the 
triangle passes through the point F (as in fig. 42(3)), the 
demonstration is simply as follows : 

Then is the angle B D G equal to the angle B G B 
Prop. 5) ; in other words, the angle B D F is equal to 
the angle E G F, that is, to the angle BAG. Q.B.D. 

Oil tli^ Ninth Proposition. 

The learner having proved the Bighth Proposition as 
well as the Fourth, can now go forward with these two 
propositions, one in either hand, engines, as it were, of use 
and power in the solution of other problems and theorems. 
The next four propositions are problems, to be solved by one 
or other of these two propositions. But the learner must 
be careful to apply them rightly, K it is the included' 
angles which have to be proved equal, he must apply the 
Bighth Proposition. If it is the bases which have to be 
proved equal, he must apply the Fourth Proposition.. 

In both cases the first three of the five steps of reasoning, 
often repeated in the exercises on the Fourth Proposition,- 
are the same, whether it is the Fourth or the Bighth Propo- 
sition which is applied. The last two steps change places. 

In applying the Fourth Proposition, the fourth and the 
fifth steps of the reasoning are, 

(4.) And the included angles [naming them] are equal 



THE NIKTH PBOFOSITIOK DISCtTSSED. 87 

£t1ie reaBon wby these aisles are known to he eqnal being 
added]. And the conolnsion is : 

(5.) Therefore by the Fourth Proposition the bases are 
equal. Q.E.D. 

In applying the Eighth Proposition, the last two steps 
of the reasoning are as follows : 

(4i.) And the bases are equal [the reason why they are 
known to be equal being added]. 

And the conclusion is : 

(5.) Therefore, by the Eighth Proposition, the included 
angles are equal. Q.E.D. 

With these preliminary remarks we turn to the Ninth 
Proposition, which is as follows : 

Given a rectilineal angle : — 

It is required to bisect it. 

Euclid draws an angle (see fig. 48(i)), and calls it the 
angle B A C, and adds, It is required to bisect BAG. 

His construction is as follows : 

In A B he takes any point D. 

And by the Third Proposition he cuts off from A G a 
part A E equal to A D. 

He joins D E. 

And on the side of D E, remote from A, he describes 
an equilateral triangle D F E by Prop. I. 

[You will be told by and by why he says on the side of 
D B remote from A]. 

He adds. Join A F. 

And he concludes thus : 

Then will the angle B A G be bisected by the straight 
line A F. 

Before writing out the demonstration of this proposition 
in a formal manner, the following suggestions are given, to 
encourage the learner to make out the demonstration for 
himself. 

1. We have to prove that the angle BAG is bisected. 
That is, we have to prove that the angle B A F is equal to 
the angle G A F. 
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2. As it is 'angles' and not 'bases' that have to be 
proved equal, it is the Eighth Proposition that mnst be used. 

3. Probably the two triangles to be compared by the 
Eighth Proposition are AD F and AEF, and we shall 
know that they certainly are, if we can show that these 
triangles have two sides of the one equal to two sides of 
the other, each to each, and have likewise the bases equal. 

4. Now which are the bases P Clearly D P and E P, for 
these are the sides of the triangles A D P and A C P, -which 
are opposite to the angles DAP and E A P which have to 
be proved equal. 

5. And DP, E P being the bases, the two sides of the 
triangle DAP will be D A and A P, and the two sides of 
the triangle E A P will be E A and A P. And the angles 
contained by these sides (or the included angles) will be 
DAP and E A P. 

6. Can we show that the two sides here named of the 
triangle DAP are equal to the two sides named of the 
triangle EAP, and that the bases are equal? Por an 
answer to this question we must look back to the construc- 
tion. The learner, calling to mind the observation made 
page 29, will remember that since in the construction he 
was told to make A E equal to A D, he is sure to meet in the 
demonstration ' A E is equal to A D because they were made 
so.' Also since in the construction he was told, on D E, to 
describe an equilateral triangle, he is sure to meet in the 
demonstration the sentence — ^that certain straight lines are 
equal because they are the sides of an equilateral triangle. 
With these suggestions the learner is advised, without 
reading further as yet, to write out the five steps of the 
demonstration by which it is proved that the included angles 
DAP and EAP are equal, in other words, that the angle 
B A C is bisected by the straight line A P. 

It may appear to some learners that this is a very 
tedious way of getting up the proposition. They may 
think that it would be much shorter just to read over the 
demonstration formally written out. It may be so with 
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somo minds, bnt not with all. These snggestions, which 
appear to the learner long when written out formially, will, 
after a little practice, pass through his mind instantaneously, 
one may say, when he has before him two triangles to be 
compared; and certainly a little self-reliance and inde- 
pendent thought are of the highest value in mastering the 
propositions of Euclid. The learner who follows the writer's 
advice may compare his demonstration with that which is 
given below> 

Peoposition IX. Peoblem, 

Oeneral Enunciation. 

A rectilineal angle being given : — 
It is required to bisect it. 

Particular Enunciation, 

Let B A C (fig. 43(8)) be a given rectilineal angle : — 
It is required to bisect it. 

Construction, 

1. In A B take any point D. 

2. Prom A C the greater cut oiBF A B equal to A D 
the less (Prop. 3). 

3. Join D E. 

4. On the side of D E remote from A describe an 
equilateral triangle D F E. 

5. Join A P. 

Then will the angle BAC be bisected by the 

straight line A P. 

Demonstration, 

1, The side AE is equal to the side AD, because 
they were made so. 

2. The side A P is common to both triangles. 

8. Wherefore the two sides DA, AP of the 
triangle DP A are equal to the two sides E A, A P 
of the triangle EPA, each to each* 
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4. And the base D F is equal to the base E P, 
because they are sides of an equilateral triangle. 

5. Therefore by the Eighth Proposition the in- 
cluded angle DAP is equal to the included angle 
E A P, that is, the angle BAG has been divided into 
two equal angles DAP and E A P: which was to be 
done. 

The reason why Euclid sajs, * On the side of D E remote 
from A, describe the equilateral triangle D F A,' is as 
follows : 

The three straight lines D A, A E, E D (see fig. 43), might 
possibly be all equal, that is, D A E might be an equilateral 
triangle. In this case if the equilateral triangle D F E 
were described on the same side of D E on which the point 
A is, the vertex F of this triangle would fall exactly on A. 
In this case there would be no straight line A F. 

Also if the angle BAG (fig. 44(i)) were such that it 
would fall within the equilateral triangle D E F, when 
described on the same side of E D as the point A, the line 
A F would not, in this case, bisect the angle BAG. It 
would lie outside the angle to be bisected, and in order to 
bisect the angle B A G, F A must be produced to some point 
G ; and we cannot at present prove that D A G is equal to 
E A Q : this is proved by the Thirteenth Proposition. 

In all other cases, except these, the equilateral triangle 
D E F might be described on the same side of D E as the 
point A (see fig. 44(s)). It may be a useful exercise with 
the figure 44t«, to prove, as in Prop. IX., that D A P is 
equal to EAF. 

On the Tenth Proposition, 

The Tenth Proposition is as follows : 
Given a straight line : — 
It is required to bisect it. 

In the Ninth Proposition Euclid taught us how to bisect 
an angh. He now in the Tenth Proposition shows that. 
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being able to bisect an angle, we can, by doing so, bisect a 
straigbt line. 

He says. Let A B (fig. 45(i)) be a straigbt line : — 

It is required to bisect it. 

He begins the construction by describing an equilateral 
triangle upon A B. 

Then, referring us to the Ninth Proposition, he says. 
Bisect the angle A C B. [Do not say triangle.] 

In order to do this, we should have in C A to take any 
point E, and from C B to cut off C F equal to C E. Then 
we should have to join E F, and on the side of E F remote ^ 
from C we should have to describe an equilateral triangle 
E F G ; we should then, by joining C G, bisect the angle 
ACB. 

The learner is advised to do all the construction here 
described, in pencil [the pencil lines are represented in the 
figure by dotted lines], then let him * ink in ' the line C G, 
and, when the ink is dry, let the pencil marks be effaced, 
and there will remain only the straight line C G bisecting 
the angle ACB. Then let him carefully produce the bi- 
secting line C G, if necessary, till it intersects the given 
straight line iu D. 

Euclid then says. The straight line A B is bisected in D. 

Suggestive Hints for the Demonstration,^ 

These will be very similar to those given in the Ninth 
Proposition. 

In order to prove that the gi^en straight line AB 

' This is a case Euclid prorides for by saying, in the Ninth Proposi- 
tion, * On the side of D E remote from A ;' for if the figure is carefully 
drawn you will find (what you will be able to prove hereafter) that 
ABC being an equilateral triangloi C E F is also equilateral, so that if 
the triangle E Q- F were described on the same side of E F as C, the 
point Q- would come exactly on C. 

' If any learner feels that he does not need these hints, he can pass 
them over, and without their help write out the five steps of the de- 
monstration. He can then compare his demonstration with that given 
below, where the Tenth Proposition is fully written out. 
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is bisected in D, we must show that A D is equal to D B ; 
and as it is bases, not angles, which are to be proved equal, 
it is the Fourth Proposition that has to be used ; and most 
probably the two triangles to be here compared by the Fourth 
Proposition are the triangles A C D and B C D. 

If so, what are their bases ? Clearly A D and D B, 
these being the straight lines which have to bo proved 
equal ; and knowing the bases, we know the two sides, and 
the angles contained by those sides. All then that is re- 
quired for the demonstration is to show that the two sides 
A C and C D of the triangle A C D are equal to the two 
sides B C, CD of the triangle BCD, each to each, and 
that the angles contained by these sides are equal. 

To find if they are so, the learner will have to look back 
to the construction. He will find that he is there told on 
A B to descnbe an equilateral triangle, therefore he may be 
sure that in the demonstration he will have to say, of certain 
straight lines, ' they are equal because they are sides of an 
equilateral triangle.' Also he was told, by the Ninth Propo- 
sition, to bisect the angle A C B, therefore he may be sure 
that he will have to set down in the demonstration, * A C D 
is equal to B C D because the angle A C B was bisected 
by C D.' 

With these hints, or without them, the learner is advised 
here, without reading further at present, to write down the 
five steps of the demonstration by which it is proved that 
A B is bisected in D. 

The Tenth Proposition fully written out is as follows : 

Pboposition X. Peoblem. 

Oeneral Ermnciation. 

A straight line being given : — 
It is required to bisect it. 

Particular Enunciation, 

Let A B be a straight line (fig. 45(d) : — 
It is required to bisect it. 
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Construction. 

On A B describe the equilateral triangle ABC. 

Bisect the angle A C B (Prop. IX.) by the straight 
line C D intersecting the straight line A B in the 
point D. 

Then will A B be bisected in the point D. 

Demonstration. 

1. The side A C is equal to the side B C because 
they are both sides of an equilateral triangle. 

2. The side C D is common to both triangles. 

3. Wherefore the two sides A C, C D of the tri- 
angle A C D are equal to the two sides B C, C D of 
the triangle BCD, each to each. 

4. And the included angle A C D is equal to the 
included angle BCD, because the angle ACB is 
bisected by the straight line C D. 

6. Therefore by the Fourth Proposition the base 
A D is equal to the base D B, that is, the straight 
line A B is bisected in the point Di Q.E.F. 

On the Eleventh Proposition, 

The Eleventli Proposifcion is as follows : 

Given a straight line and a point in it : — 

It is required from the given point to dmw a straight 
line at right angles to the given straight line. 

Let A B (fig. 46(1)) be the given straight lire, and C the 
given point in it : — 

It is required from the point C to draw a straight line 
at. right angles to A B. 

Euclid will want, in order that he may be able to solve 
this problem, two points in the straight lino A B, equally 
distant from C. Therefore, he says. In A C take any point 
D, and from C B cut off (by Prop. III.), C B equal to C D. 

Then, on the part of the given straight line intercepted 
between D and E, he describes an equilateral, triangle D E £k 
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And upon joining the vertex F with the given point 0, 
ho sajs G F is at right angles at A B. 

It will be necessary here to call to mind the tenth defi- 
nition, in which it is said, When one straight line falling on 
another straight line makes the adjacent angles equal, each 
of them is a right angle. 

In order then to prove, in conformity with this definition, 
that G F is at right angles to A B, all that is required is to 
prove that the angles F G D and F G E are equal ; for if 
they are equal, each of them is a right angle. 

With this to guide him, let any learner, who is able, now 
write out the five steps of the demonstration by which 
it is proved that the angle F G D is equal to the angle 
FGE. 

For the help of those who cannot, .the hints given in 
the Ninth Proposition ara here repeated. They are here 
given in the form of suggestive questions, the correct 
answers to which are given in a foot-note, which it is hoped 
the learner will not consult till he has written out his own 
answers to the questions. 

1. What have you here to prove equal, 'bases' or 
' included angles ' ? 

2. Then what Proposition has to be used. The Fourth 
or the Eighth ? 

3. What are the two triangles to be compared ? 

4. What are their bases ? 

5. And what therefore are the two sides, and what is 
the included angle of each of the triangles which have to 
be proved equal ? 

6. In the construction you were told to make G E equal 
to G D : what sentence then are you sure of having in the 
demonstration ? 

7. Also you were told on D E to describe an equilateral 
triangle : what sentence on this account are you certain to 
have in the demonstration ? ^ 

Ams, 1. Included angles. Ans, 2. Ihe eighth. Ah$, 3. CDF, and 
^ £ F. Jns, 4. J) F and £ F, theeo straight lines being opposite to the 
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With these Lints (if he has not done it without them) 
the learner is advised to write oat the five steps of the 
demonstration, by which it is proved that the angle F D 
is equal to the angle F C E. 

The Eleventh Proposition fully written out is as follows : 

Proposition XL Problem. 

General Eminciation. 

A straight line being given, and a point in it : — 

It is required from the given point to draw a 

straight line at right angles to the given straight 

line. 

Particula/r ErmnciatiQU. 

Let A B be a given straight line, and C a given 
pcjint in it (fig. 46cf)) : — 

It is required from C to draw a straight line at 
right angles to A B. 

Construction. 

In AC take any point D, and from CB (by 
R-op. III.) cut off C E equal to C D. 

On I) E describe an equilateral triangle. 

Join PC. 

Then shall F C be at right angles to A B. 

Demonstration. 

1. The side C E is equal to the side C D because 
it has been made so. 

2. The side C F is common to both triangles. 

angles to be proved equal. Ans. 5. D C, G F are the two sides of the 
triangle D C F, and E C, C F are the two sides pf the triangle EOF; 
the included angles are D C F and EOF. Ans, 6. We shall have the 
sentence ' C E is equal to C D, because it was mode so.' Ans, 7. We 
shall have the sentence ' Two straight lines are equal (most probably F D 
and FE), because thoy are the sides of an equilateral triangle/ 
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8. Wherefore the two sides DC, OF of the 
triangle D C F are equal to the two sides E C, C F 
of the triangle EOF, each to each. 

4. And the base D F is equal to the base E F, 
because they are the sides of an equilateral triangle. 

5. Therefore by the Eighth Proposition the in- 
cluded angle D C F is equal to the included angle 
EOF. 

And these are adjacent angles. 

6. But when a straight line standing on another 
makes the adjacent angles equal, each .of them is a 
right angle (Def. 10) • 

7. Therefore each of the angles D C F and E F 
is a right angles that is, F C is at right angles to 
AB. 

And it is drawn from the point C. Q.E.F. ^ 

On the Twelftli Proposition^ 

m 

The enunciation of the Twelfth Proposition is as 
follows t 

Given a straight line of unlimited length, also a point 
without it:— 

It is required from the given point to draw a straight 
line perpendicular to the given straight II A e. 

It will be seen that the Twelfth Proposition differs from 
the Eleventh only in this, that in the Eleventh the given 
point is in the given straight line and in the Twelfth the 
given point is not in the given straight line, but out of it — 
anywhere, in fact, exc&pt in it. 

Note also that the words * of unlimited length ' are intro* 
duoed into the enunciation of the Twelfth Proposition. The 
necessity of this is shown in fig. 47, where it is clear that if 
AB were limited (if we were not allowed to produce it), it 
would be impossible from the point G to draw a straight 
line perpendicular to A 6. 
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Let AB, then (fig. 48), be a straight line of unlimited 
length, and let G be a given point without it. 

It is required &om the point C to draw a straight line 
perpendicular to AB. 

As in the Eleventh Proposition so in the Twelfth, 
Euclid will require two points in the given straight line 
A B equally distant from the given point 0. 

To get them, he takes any point D on the other side of 
AB, and with the centre C and at the distance OD, bj 
describing a circle E E G, he gets the two points (viz. F 
and Q where the circle intersects the straight line A 6) 
equally distant firom 0* 

As a suggestive hint for the next step of the construc- 
tion, let the learner ask himself whereabouts in F G he 
thinks the foot of the perpendicular will come. The answer 
is clearly, midway between P and G. This thought sug- 
gests the next step in the construction, which is : 

Bisect F G ^ in the point H by the Tenth Proposition ; 
upon joining H Euclid says that C H will be perpendicular 
toAB. 

It will be seen by reference to' the Tenth Axiom, that 
all that is required in order to show that G H is at right 
angles (or, in other words, perpendicular) to A B, is to 
prove that the angle F SC is equal to the angle G H G. 

With a view to the demonstration Euclid joins GF 
andGG. 

It is to be hoped that most of the readers of this 
treatise will at once, without further help, write off the five 
steps of the demonstration by which it is proved that the 
angle F H G is equal to the angle G H G. 

One hint, however, it is but fair to give, in order to put 
the learner on his guard against a mistake very com- 
monly made in the demonstration of the Twelfbh Propo- 

> In the figure 48 (1), the construction required in order to get the 
point H is given in dotted lines. It is hoped that the learner by refer- 
ring ta the Tenth Proposition will understand the construction without 
further explanation* 

P 
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BitioiL It is often, said tlie base OF is equal to the base 
C 0, because . they are sides of an . equilateral tnangle. 
But if the learner will^look back to the oonstruotion, he 
will not find that G E is to be made an equilateral tri- 
angle ; but hevrill find that DP Gr.is a circle,^ of which C 
is the centre, and therefore (as already, often pointed out) 
he may be sjire that in the demonstration he, will have to 
say ' F G is equal to G G because they are radii of the 
same circle.' With this one precautionary hint, it is hoped 
that few will have any difficulty in writing .put the fivp 
steps of the reasoning, in the demonstration.^ 

In the hints accompanying the last four problems, the 
connection between the construction and demonstration is, 
some may think, to a needless degree pressed on the 
learner's notice. It is done purposely. 

Beginners do not, generally, link together the construc- 
tion and the demonstration. When they have learned to 
do so, their power of grappling with a proposition of 
Duclid is greatly and most legitimately increased. 

It reioadxis only to write out the Twelfth Proposition 
folly. 

PROPOSITION XII. Peoblem. 
General Ermrmoution. 

A straight line being given of tinliraited length, 
and also a point without it : — 

It is required from the given point to draw a 
straight line perpendicnlar to the"given straight line. 

Particular Enunciation. 

Let A B (fig. 48(2)) be the given straight line, 
wliich may be produced to any length both ways ; 
and let be the given point without it :■!— 

1 If any leam^ fitill looks for gai<^ng hinto, he can take them from 
those given for the Eleventh Proposition. 
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It is required to draw from the point a straight 
lin^ perpendicular to A B. 

Construction. 

1. On the other side of A B take any point D. 

2. From the centre C, at the distance CD, 
describe a circle E F G, cutting A B in the points F 
and G. 

3. Bisect F G in the point BE (Prop. 10). 

4. Join C BE. 

Then will C H be perpendicular to A B. 

5. For the demonstration, join C F and C G. 

Demonstration. 

1. The side F H is equal to the side H G, because 
it was made so. - 

■V. 

2. And C H is common to both triangles. 

3. Wherefore the two sides F H, H C of the 
triangle F H C are equal to the two sides G H, H C 
of the triangle G BE C. 

4. And the base C F is equal to the base C G, 
because they are radii of the same circle. 

5. Therefore by the Eighth Proposition the in- 
cluded angle FHC is equal to the included angle 
GHC. 

And these are adjacent angles; but when one 
straight line falling on another straight line makes 
the adjacent angles equal, each of them is a right 
angle, and the straight line which stands on the 
other is called a perpendicular to it (Def. 10). 

Wherefore C H is perpendicular to A B, and it is 
drawn from the point C. Q.E.F. 

' The writer has now completed the task which he under- 
took, viz., to give a familiar explanation of the first twelve- 

F 2 
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propositions of Eaclid. His object all tlirongli has Been 
to teach beginners bow to learn Euclid. The aim of 4iis 
explanations and observations has been throngbout to pre- 
vent Eaclid being, to the reader, merely a book of words, 
and to maJke it to him a book of sonnd and solid meaning. 

He hopes that he will go through the propositions that 
follow snccessfiilly and with benefit to himself, by following 
the method of learning them here pointed out. Namely :-^ 

First. By fixing in his mind what is given, and what 
has to be done or to be proved. 

Secondly. By observing the construction by which 
Euclid professes to effect what he wants to effect ; huUding 
up his figure according to Euclid's directions. 

Thirdly. By following out the demonstration in order 
to discover if Euclid therein shows that the construction 
has effected what he says it has. 

He would even recommend the learner to do more than 
this. He would advise him, in his ^rther progress through 
the First Book, to carry on the method of reading Euclid 
suggested by the writer's treatment of the last Your propo- 
sitions. 

When he has mastered the enunciation and construction, 
let him close his book and try whether he cannot make 
out for himself the proof that the construction has effected 
what was required. 

If he cannot succeed without help, then let him note all 
the references, and observe the order in which they succeed 
each other in Euclid's demonstration. These references 
will afford suggestive hints analogous to those given in the 
preceding pages to encourage and help the learner to write 
out the demonstrations of the Ninth, Tenth, Eleventh, and 
Twelfth Propositions before reading over the demonstra- 
tions as given in Euclid. 

When Euclid is thus read it becomes much more inte- 
resting. It has all the entertainment of solving riddles. 
Biddies, indeed, of a very high order are Euclid's problems 
and theorems. 
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This method has also the effect of fixing the propo- 
sitions in the learner's mind far more permanently than if 
he merely reads through Euclid's demonstration, so as to 
follow his meaning, but without exerting independent 
thought. 

Still, the learner must be cautioned while reading 
Euclid in this way not to hurry on too much, but to com- 
pare his demonstration with Euclid's, and to write it out in 
the best form with attention and care. 

It is related in Sir David Brewster's * Life of Sir Isaac 
Newton,' that having purchased a copy of Euclid, soon after 
entering at Trinity College, he examined the problems, and 
found the truths which they enunciated so self-evident, that 
he expressed his astonishment that any person should have 
taken the trouble of writing a demonstration of them. He 
therefore threw aside Euclid as a * trifling book,' and set 
himself to the study of Depcartes' Geometry. The neglect 
which he had shown of the elementary truths of geometry 
he afterwards regarded as a mistake in his mathematical 
studies, and he expressed to Dr. Pemberton * his regret that 
he had applied himself to the works of Descart-es and other 
algebraical writers before he had considered the elements 
of Euclid with that attention that so excellent a writer de- 
served.' — Sir Isaac Newton's words as given in Pemberton's 
view of his philosophy. 

Although the writer's task is now done, he will, before 
parting from those who have accompanied him thus far, 
eive them a few landmarks which they may find useful in 
^wardjoBmey. 

In the Thirteenth Proposition Euclid introduces a 
new truth, which, combined with those going before^ 
enables him through the eight following propositions to 
prove a varieiy of interesting truths about triangles. 

The only proposition among them which perplexes 
beginners is the Thirteenth itself, which is as follows : 

The angles which one straight line makes with another 

f3 
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straight line on the same side of it (see fig. 49) are either 
two right angles, or together equal to two right angles. 

If the adjacent angles are equal (see fig. 49(i)), each of 
them is a right angle (Def* 10), and therefore the two are 
two right angles. 

If thej are not equal, as in fig. 49(d, he proves that the 
two angles are together equal to two right angles, in the 
following manner : 

From the point B he draws B £ at right angles to C D 
(fig. 50ci)). 

The nature of Euclid's proof will be seen better by 
splitting up his figure into three. Fig. 50a) is £uclid's 
figure ; fig. 50(s) is the pair of angles DBA, ABC, which 
will be found in Euclid's figure ; and ^g, 50(9} is the pair 
of angles, D B E, E B C, also found in Euclid's figure. 

Of these we know that the pair D B E, E B G (iig. 50(9)) 
are together two right angles; and he proves that the 
pair D B A, A 6 C (fig. 50(s)) are equal to two right angles 
by showing that they are equal to the pair D B E, E B C, 
(fig. 50(3)). And this he does by showing that each pair 
(viz. D B A, AB C together, and D B E, E B C together) 
are equal to the three angles DBA, ABE, EBO 
together (fig. 50(i)). 

\ Thus our old friend| the man that went by the train, 
here re-appears as the three angles D B A, A B E, E B C, 
while the pair DBA and ABC, and the pair D B E and 
EBO are respectively the London man and the Windsor 
man. 

This figure and the above explanation may help the 
learner to understand the Thirteenth Propositioni which is 
sometimes found confusing from the number of angles 
named. 

Having mastered this proposition, he will find the next 
eight propositions easy, each one leading on to the next. 

After this, Euclid wants, in order to make a further 
advance, to be able to make an angle equal to a given 
angle s he shows how this may be done in the Twenty-second 
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and Twenty-third Propositions, and makes use of this new 
power in the Twenty-fourth and Twenty-'fifth. 

Then follows the Twenty-sixth Proposition, in which 
Euclid proves the equality of triangles by a new set of con- 
ditions, in addition to those named in the Fourth and the 
Eighth Propositions. 

These three propositions, the Fourth, the Eighth, and the 
Twenty-sixth, are linked together as being the three propo- 
sitions in the First Book by which, under certain given con- 
ditions, it can be proved that two triangles are equal in 
every respect. 

This closes the First Part of the First Book. After that 
Euclid passes to the consideration of parallel lines, by means 
of which he develops various, and some very surprising 
truths, to the end of the First Book. 

And when the learner shall have gained an intelligent 
insight into the First Book of Euclid, he may be assured, 
for his comfort, that he will have made a most valuable 
acquisition, the benefit of which he will feel in every study 
he may enter upon, and through all his future life. 



Po9t8cH^ttt/m, — Before bidding his readers finally fare- 
well, tne writer would add one word more. 

In teaching Euclid, orally, according to the foregoing 
method, he has had, these many years, great happiness, and 
he hopes some success. But so much in viv4 voce teaching 
depends on the voice and the eye, and the being able to read 
in the pupil's countenance whether he has taken in the ex- 
planation and conquered the difficulty, that he doubts — at 
least he is desirous to know, through the reader's experience, 
whether it is possible to transfer to print a method of 
teaching which has answered by word of mouth. Does he 
build too much on the good will of his readers if he asks 
those who have gone through the treatise kindly to let 
him know if they have found it helpful — if it has led them 
on to appreciate geometrical reasoning, and take an interest 
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in Euclid — ^if it has cleared np tlie difficnltres in their way, 
and enabled them to master the propositions of Euclid 
which follow readily and with satisfaction to themselves P 

On the other hand, he would be glad to know if learners 
have been wearied with too profuse explanation and itera- 
tion. Though here he may repeat what was said at the 
beginning, that they who can swim without corks have only 
to throw their corks away. 

In fact, any suggestions from teachers or learners that 
may make the book more useful, if it should reach a second 
edition, will be most thankfully received by the writer, and 
will be treated as friendly and confidential communications. 

Chxtbcu House, Windsob: 
October, 1873. 
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Explanation of the Wood-cut on the 

TiTLE-PAGIJ. 

1. The First Proposition is the first link of the chain. 

2. The Second Proposition^ depending on the First^ is the 
second link. 

3. The Third Proposition, depending directly on the Second, 
and through the Second on the First, is the next link. ' 

4. These three propositions are represented by smaller links, 
they being propositions subsidiary to those of the main chain of 
propositions, which starts from the Fourth Proposition as from a 
fresh be^nning. 

6. Upon the Fourth hangs the Fifth Proposition ; therefore the 
link (5) in the main chain is suspended from (4). 

6. Upon the Fourth hangs also the Sixth Proposition ; but no 
proposition among the first Twelve depends upon the Sixth, and so 
no link hangs from that numbered (6). 

Obs, In the construction of the Fifth and Sixth Propositions it 
is required from the greater of two straight lines to cut oiF a pai*t 
equal to the less (Prop. III.). Therefore a second and special link 
connects those numbered (5) and (6) with the one numbered (3). 

7. The Seventh Proposition depends on the Ilfth ; therefore 
link (7) is hung on (5). 

8. On tbe Seventh Proposition depends the Eighth ; therefore 
link (8) is hung on (7). 

9. The Eighth Proposition enables us to solve the Ninth; there- 
fore link (0) hangs from (8). 

10. For the construction of the Tenth Proposition the Ninth 
is required ; therefore link (10) is hung from (0) ; but as it is 
demonstrated by the Fourth^ a special link in the chain connects 
(4) and (10). 

11. The Eleventh Proposition depends on the Eighth, therefore 
link (11) is hung from link (8) ; but as the construction requires 
that from the greater of two given straight lines a part be cut off 
equal to the less (Prop, m.); a special link connects those marked 
(11) and (3). 

12. In the construction of the Twelfth, it is necessary io bisect 
a straight line ; therefore, in the chain (12) is linked to (10). It is 
demonstrated by the Eighth, therefore a special link connects 
those marked (8) and (12). 
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